Age-Dependent Branching Process by Ahmad, Aquil
AG£-D£P£ND£NT BRANCHING 
PROCESSES 
DISSERTATION 
SUBMITTED IN PARTIAL FULFILMENT OF THE REQUIREMENTS 
FOR THE AWARD OF THE DEGREE OF 
JilaiSter of S^UloiopW 
IN 
STATISTICS 
BY 
AQUIL AHMED 
Under the supervision of 
Prof. SIRAJUR REHMAN 
DEPARTMENT OF STATISTICS 
ALIGARH MUSLIM UNIVERSITY 
ALIGARH (INDIA) 
FEBRUARY, 1988 
IM In Compcrtai 
DS1378 
P R E F A C E 
Branching Srocetifiee form an active area of research 
in the field of applied prohability, physical and biological 
flOiecK^s and other fie Id e. 
The concept of Age-^ependent branching proceee was 
introduced by Bellman and darrie (1948, 1952), ihen particlee 
have general l i f e t ine dis tr ibut ion then the proceee of z ( t ) , 
t > o, where zitT iei the ni^ mber of par t ic les existing at time t 
i s called ^1 age-dependent bx^uiching proceee. 
Although a lot of work hae been done on the eubject, 
however, the present diseertat ion ent i t led , " Age-defiendent 
Branching iYoceesee ** embodies a br ief survey of l i tera ture 
available fX'om 1948 to 1985. 
The dissertat ion coneiste of tiiree chapters. Chapter-I 
i s devoted mainly to his tor ical backgrouM of the branching 
procees^OB and also i t contains some basic concepts and resul ts 
relevent to tlie subsequent chapters. 
In chapter-II, we consider the Age'^epei^ent branching 
( n ) 
procese and etody the variotts resolts about aoowntB of the 
proo««8. Aasmptotic behaviour of tbe generating ftmetlon 
Is also dlBcaefied at tbe end of tbe chapter. 
Llalt theoreme for age-depei^ent branching prooeeeee 
have been presented In chapter-Ill. A reeult on aeynptotlc 
probabilities for the proceee has also been glvan.. 
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Development Studies, A.K.U.,Allgarh, for her valuable co-operatfen 
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1.1. HjB^oir^o*^ Sqf(^ fa}yQ>jfH4 : Th« history of Branching 
Prooesseff dates back to 1583 A.D. when Thonas B^lthue In his 
•ssaye * On the Principles of Population " gaye the fundamental 
Idea that a population when unchecked grows exponentially. Ih 
Malthue words* It goes on doubling Itself at regular Interval 
or Increases In a geometrical ratio. He noted that In a town 
of Bernet out of 487 famllleSt 379 beoaae extinct In the space 
of two centuries (from 1585 to 1785). '?he theory of Branching 
Processes aiay be said to be born out of the recognition that 
such a remarkable decrease Is not some odd conoldence. On the 
contrary, It mirrors a basic and paradoxical antlpoda to the 
rapid growth of whole* a principle of frequent extinction of 
oeparate family lives. 
It was first realized by French echolar ^. F. Benoiston de 
Chateaneuf (1776-1856), who studied the duration of noble 
families that were founded In the tenth to twelfth centuries 
and estimated their usual duration to be three hundred years 
( 2 ) 
and I. J, BUnayae (1796-1878) who treated tbe problem (of 
•xtinction prob) sath«oaticaIly. 
5?ir Prskoale Gal ton (I822-I911) gave tti« social and 
biological •xplanatlona of tba froouent faailly extinction. 
In 1874t n eolntlon to tbe probles of extinction probability 
waf> given by 5;lr F^ancle Goltan and iU#. «at8on« R. A. n^tmr 
(1921) ueed a aattaeBatloal wodel Identical with that of Gal ton-
Wat eon model to etttdy the survival of the progen^y of a mutant 
geneand to etudy variations In the frequencies of genes. 
^le f irst complete and correct determination of tbe probability 
of extinction for the Galton-fatmn process was given by 
J. F- ;;teffenslon (1930-1932). ?he problem was also treated by 
A, Kolmogrov (1938) who detenaned the asQfa^totlc form of tbe 
probability that the family Is s t i l l In existence after a large 
f inite number of generations, i^ om this onmarde there i s an 
unbroken tradition via A. J, Lotica to i^ ieyde and Seneta who have 
made valni^le contribution In this f ield. 
1.2 BCTBi^ng Pyo^fgMc : In many physical problems It in not 
always possible to specify the transition matrix for the 
Stochastic Processes having the Markov property though we can 
( 3 ) 
foraulate th« baelo process in terms of a soitabls Markov 
Chala. TO illtastrate ths point 1st as oonsidsr a slapls 
sxaapls. Suppose we consider population growth* the population 
being generated by an individuals. Suppose that each indivlftu^ 
has ttr^ probaibility pk of giving rise to k new individuals 
each of which inturn produces further individuals in accordance 
with the ease law of probability and fio on. «e can f>tudj this 
jnrocess by taking into consideration a l l possibi l i t ies in the 
various generations, fe can intreprete k *= o as the death of 
the individual oonoerned and k«l as the continued existsnee 
of tbe individual, the higher values of k indicating the 
addition of new individuals, ^le developiMint of thm whole process 
can be pictured as a tree branching out froa the init ia l 
individual, an ioiportant asiAmption governing the process 
being that the individual in any generation reproduces 
ii^ependently of the individuals pre rent in the preMnt and 
past generations. l%is process i s obviously a special type of 
Markov chain but i t i s very difficult to specify the transition 
probabilities in the general case. The process with the above 
characterifrtios i s called branching process. Branching processes 
have wide applications in Physic ^ .Biology and Polyaer Chenistry etc 
( 4 ) 
^Irffff^ifg 9f gr^oaBii : To be spec i f i c , l e t U8 conolder tim 
evolution of a population starting with z^ individual called 
o~th generation, vflthottt ai:^ lose of generality, <^ e shall 
aseusEie that a * 1. B » ap ropriate adjustment for ZQ ¥ I 
are eas i ly aade, becaui^ «e aeeuae tVmt the faiai l i t ies of the 
i n i t i a l objects develop indeprndently of one another. As 
taentioned # ear l i er , m&ch individual has a probability pk 
of giving r i se to k new individual where k « o , I , 2 , . . . , P|^  I o 
and i' Pv • 1. ^«« t o t a l i t y of the direct decendent of the 
k ^ 
I n i t i a l population const i tutes the f i r s t generation ac^ i s 
denoted by a randoa variable z^ and t'ne population else of the 
f i r s t generation has the probability distribution given by pj^  , 
.^ ow each individual of the f i r s t generation produces k off-
springF with probability Pj^  independently of every o t ^ r 
individual. I^t Z2 denote the s ize of the second generation. 
It i s eaey to see that z^ also denotes t ^ sum of ss^^ im^tually 
independent ^^triables each having the sane distribution. Da 
general the nth generation each of whose independently produces 
k progency with probability pj^  , k « 1 , 2 , . . . . The population 
s ize of the nth generation i s denoted by z^, rhus a i s a 
( 5 ) 
sequence of integer valued random variablee forming a Markov 
chain. 
1.3 ?rQbabllj.tiy GeaeratiOR ;^notioiis I I>et a^, aj^, a g , . . . 
be a ecquence of rea l noiabere, "Pr^n, introducing the dumoy 
variable X, we may define a function i 
2 ** 1 fix) * a • a,x + a^x • . . . * = i^  a. x**, 
0 i ^ 3«o ^ 
If the series converges i n mmm internal -x^ < x < x^ t^«n 
fci&ction f(x) i s e^id to be the generating function of the 
sequence J^AA^^lt we consider the a^ as probability p^ 
moh. that p^ > o and ii p^ *» I , then the probability 
J 3*0 ^ 
generating fUnotion ie defined as 
f(8) ^ I Pa 8^, JBJ ^ 1, 
j«o 3 
where s i s a oos^lex variable. 
1.^ EtgBrrsBSfi.SBMtiQQ t9r ttofe^liiJg,GeBi^ati^ s^inction : 
ffm generating function of a^ i s the nth i t e ra t e f^Cs). 
i.et Zjj be the randoa variable denoting the nuiriber of individuale 
in the nth generation with the distr ibution 
( 6 ) 
P [21 « if] « Pjj, k « 0 , 1 , 2 , . . . , i- pj^ « I 
and 
fAm) " ^ ^{z « k) 8 , for n « o , l , 2 , . . . 
npo 
?^ Iterates of the generating function f(e) will be defined 
as 
Vl^"^ " n^ t?(e) J 
or Vl^*'^ " n^ t f («i If 
• V l Cf 4,f(B)^] 
" ^n-1 t^2 ®^^  J 
« f^^ CfjCe)! 
It follows by induction that for k • o,l,2,...,k 
Vl^«> - n^-k C Vl(«> J 
in particular for k «= n-1 
Vl^»^ " ^ t^ n^<®> 3 ...(1.4.1) 
( 7 ) 
1.3 mms^ » 
Th^ri^^ 1.5.1. If S Bj • » and Var a^ »<r? E ( z | ) - B^. 
Waen the expected value aM variance of the po^ la t lon eize 
4 
at the nth generation case i« given by B ^tk " * 
2 n-1 ^« -^> 
V(2„) - <5 a — for a ?K 1 
^ a-1 
« n ^^ , a « I . 
frqof. We confdder the relation 
Vl^»> - 'n t^<»^ J 
Differentiating with respect to e and putting e » 1» we get 
^i*!^^^ " ^ A<1>- ^ '^ ^^  ...(1.5.1) 
_nn 
« « Cf'(i)J 
bnt 
Thue 
f»(l) - f£(l) - B J«{ » B. 
^ Ca^n ^ • «"*^ ...(1.5.2) 
( 8 ) 
Var Un^i>- ^ ^^Ut^x* ^1' Si ^ C z n ^ r ^f 
- L ^ F(z^j^-k) ] ^ . . . (1 ,5 .3 ) 
In terap of generating fttnotiori equation (1,5.3) bectHnee 
Differentlatlog w . r . t . s . (1.5.1) again and putting « • 1 
vie get 
f ^ ^ d ) - f*'(l) [fa<3L)]^* f*<3.) 4*(1) . . . (1 .5 .5 ) 
eince f*(l) « m aral f»»(l)- -B {z-^ ^ ^ E ^EJ^^- /-^w^-at 
we have 
f^^l(l) - (cr^ • «^-o) « ^ * a. f ^ ' d ) 
- km2^+a.f^*(l) 
where k « ( ^ • B - m ) , by Induction 
( 9 ) 
Thus 
2 o 2ii 2n-l „ n*l 2nt2 
Var ( z ^ i ) « ( (T f^fl -«) (a • « • . . . * a )"ni 
2 2n 2n'-l 
<r a + m • . . . • a 
'^n'^i m'^ ••' m^^^ . . . • a ) 
2 a*"! « 
(T „*»( 1 d: ) for a ? ' I . . . (1 .5 .6 ) 
a-1 
1.6 Kj^tiqotion Probability : By extiaction m mean the 
event that the randoa eequeiu^e 5^^ oontsiete of zeros for 
a l l but for a f ini te raiaber of values of n. 
Since SEQ i s integer valued, extinction ie also the 
event triat z^ - o. Moreover, since P L^a^i'^ i^r^^ J * J-t 
we have the equal i t ies 
P( ZQ - o)« P {7zn"o ^oi" «oa« a 3 
- l i a P [ ( z « o ) ] « l i a f_(o) 
{) - • as " ** 
Which i e a oon-deoreasing funotiori of n. fe define q to be 
the probability of extinction i . e . q « ^^n"* o)» l in ^^(0). 
( 10 ) 
':ei^res 1,6.1. (mndameotal Theorea of Branching Process) 
If ffl « S Zn ^ 1, the eirtlnetion probability q i s 1. 
If a > 1, the extinction probability i s tbe unique non-oegatlve 
solution leps than 1 of the equation 
s - f (s) . . . (1 .6 .1) 
P^afil* *•'« 8«« ^y induction that f^Co) < 1, n « o , l , . . . 
we observed that 
0 - f^Coi i t^io) < fgCi) < q- liffl f^Co) 
Since ^ii*x^^^ * ^ L^a^o) j and since 
l i a fjj(o) « l i m T^g-!.]!^ **) « q 
we see that q « f(q) and o ^ q ^ 1. 
If w ji I then f»(s) < 1 for o ^ s < 1. Using the law of 
the laean to express f(ei in teitB^ of f(1) we see that 
f (s) > 8 for o ^ 8 < 1 i f a ^ 1. Hence in t h i s case q * I . 
If 81 > 1, t l^n fCs) < 8 where m i s s l ight ly less 
than 1 but f(o) ^ o. Hence (1.6.1) has a t leas t one solution 
in the half open interval j o , l ) . If there were two solutions^ 
( 1 1 ) 
say B^  and to with o £ a^  < t^ < I then Roll*» theorw 
wooU Ifflply the exletenoe of ^ and -rj^  • »© ^ ^ ^ *o ^^ 1 ^ ^* 
woh that f ' ( ^ ) " f * ( ^ ) " 1 bat thic Is laposaiblB 
heoaae f l e etriotly convex. ^^« limftt '„(<>) can not be 1 
because 'n^^^ ^" ^ oonHlecreaeing eequenoe vhile 
were slightly less than 1. Neooe q must be the unique 
solution of (1 .6 .I)• 
fatson (ie74* 1689) deduced that q i s a root of (1.6.1) 
byt failed to notice that i f a > 1, the rele^ent root i s 
less than 1. 
Reaark. fe can ^o« that s 4 fCs) ^ €iq) when o 4 s 4 q . 
?hen by induction 
f(s) i fgCs) 4 f j is ) 4 . . . i q 
when 0 4 8 jk q and hence t^io) - q since f^Cs) i ^^(o). 
itirther aore in case B > l » i f q < s < l then 1 > s i{ f (s) ^ 
f^Cs) ^ . . . and we see that f^Cs) -* q in this case also. 
Hence whatever the value of a» 
l i a fjj(s) « q o i 8 < 1 
n •• •• 
. . . (1 .6 .2) 
( 12 ) 
'f^ forfm 1.7.X. If a > I and S z| < <* tima the raodon 
z 
variable ti^ i^re ^^ * ~ § - t a * o>I,.... converge with 
IB 
probability If and in neaa nquare (i.e. in the aman order two), 
to a random variable t and 
Var 2i 
m « 1, Var * • 1 > o ...(1.7.1) 
2 
a - a 
grof|. f-'roa tim definition ae z^g^, we have with probability 1, 
^^*it*l^ 2Q) • az^t n « o,l,... using this relation repeatedly, 
we find that with probability I (only the final equality is 
aeaningful if k » o) 
^ ^ V l / V S t^^^»a*k/Vk-l'^n*k^—^iJi^n J 
...(1.7.2) 
-« CE< Vk/^'n^k-l^/^ah^ [laa^k-l-/«=nl 
- .,.• ffl^ z^, n,k «o,l,2,,.. 
Deviding botr sidee of (1,7.2) by a"*^, we obtain the 
iaportant relation 
®^Vk/*n>-^^Vk/*n ' V l — - ' ^ o ^ - V c.k-o,l,2 (1.7.3) 
( 13 ) 
the first equttlltj in (1.7.3) holding becanm w^ t *j^ t'2»--« 
Is a Markov Proosas. 
fnm (1.5.7) BOB. (X.7.3) W hare 
S f* » 1 • »»——— ( 1 - « ) 
2 ^^ -"^ -* 
KVk'^n^ - — <1- « )• »»lc * 0,1,... 
...(1.7.4) 
It tbsn follovre from Losvs (I960, p. 161) that tha W^  
ooivergea in «ean aqaara to a raiidosi variable V and that the 
flean and Tariance of « are ae given in (1 .7 .1) . Moreover 
Utting k - •• in (1.7.4) »e see that g(W-i¥^)^- o( «"*) 
and henoe £ l(w- *-)*' - B £ (W - i )* < - . ^Inoe 
nFo n ^ 
the infinite eerles hae a finite expectation and ie thus 
f inite with probability It i t imet be true with probebilltjr 
1 that ( t - W )^^  - o i . e . that W„ - f. D n 
•phaerff 1.7.2. Ilnder the oonditioae of theorem (1.7.1) the 
ROMent generating fttnotion ^(s) * 5 e*®* eatiefies the 
relation 
^(«»e)* f I HB) U R«(«) i o , n " o , l , . . , . 
( U ) 
«li«re Hm) l e th« Boaeot generating fonotion of W with 
|>»(o) - - 1 . 
The character 1 fitlo function ^(- l t ) t - •• < t < •• , le 
tlM only obaraoterietlo function satir^fying (1.7.5) oorree-
ponding to a di8tril>ution with f irst oMtaent I . 
Pro9f, iiet k(u) « P(w £ u ) be the diBtrlbution of •• 
Equation (1.4.1) beccNMs 
^jj+j(«e) • f I ^e I. Re(s) > o, n « o , l , (1.7.6) 
The equality ^(ae) " f | ^ (e) | is a consequence of (1.7.6) 
and the existence of limit ^^ and liait ^(^n)* "^ ^ Schwas 
inequality implies ( S/v- ^ ^ )^ < S ! V-VQ f waA benee 
B«j^ converges to SV idiioh thus Mist equal to If since 
B f^ « 1. Hence ^'(o) • -I. 
'30 prove uniquenesst 1st yi(*) and \f2^*^ ^ 
oharactsristio Amotions satisfying yy(at) • f j \Vy(t) |,r«l,2. 
with y»(o) « y»(o) - i. Then ^^ ( t ) - y2(t)- t r (t), 
where r(t) is a continuous function such that r(o) " o. 
Since )f'(s))4 a for jsj <^  1, we hare 
( 15 ) 
|ntr(«t)|- |f( yi(t)-f( ^^2^*^'^"' vi(t)-. 2^^ *^  i 
» • 11 r (t> j. 
Hence ir(t) I > 1 r(»t) j , or by indttotlon 
j r(t) I 4 j r ( t / •'*) I, n - 1 , 2 , . . . . 
H«noe X i s ooatimoas we have fbreaeli t , 
I T.t U U« I rU/m") - I t (o) I - o. 
n « w 
'2lompvm 1.7.3. Dnder the conditione of fheoren (1.7.1) the 
distribution k<e) * ?iw ^ u) is aboolutely eontiouoas except 
for a ^ufsp of nagnitnde q at u » o. 
"^Ilfe^f 1.7.4. If a > 1 and q > a^, then 
f^ Co) - q - d Cf(q) 'f* 0 ( Cf'(q)] * ) 
where d is a posit ire oonstant. 
1-8 Agyipty^ i^  Rfiffi^ t tp^ ^\mu%%fi^l PvmiUm.i^sssMmu : 
^fi,n|^^QQ 1.8.1. If s i s a oo^;>Iez nuiher, «e denote by 
n^(m) ( or $2(8), e tc . ) the set of points s ' , with js'{ < I, 
that «rB interior to eooe circle centered at s . Bie radius of 
( 16 ) 
the circle will depend on the reqclreaente of the probl«B« 
and «ben It le at^f^rted that eoae relation (R holds when 
8* € f5-(B) the meaning Is that there exists an Sj^ Ce) suvh 
that 61 holds for »• 6 SJ^(B>. 
Thfyryn 1.8.1. If o < 1 and Ezf < * , then for each 
J I. f c f . • . 
n 
exists and 
l i a P (s5jj« ;! I ss^ ^ ?' o ) « b. . . . (1 .8 .1) 
I b^ ** 1. Moreover the generating function 
gCe) « I b. sat isf ies the functional equation 
g j f(8) I • BgCe) • 1 - a, I s l i l . . . (1 .8 .2 ) 
SSS&£^ Under tbe hypothesis of the tbeorein, we haire 
1 
f(s>« l-hi (s-D-^ - f ( l ) ( s - l ) ^ ^ o ( e - l ) : 8 e 3 , (1) . . . (1 .0 .3) 
2 => L 
2^^/_ 1\2 
 
and 
f^(8)» 1-hi** B^(s)(s-1) |1* R^Cs) Us e fJg . . . (1 .8 .4) 
where B-^ is oontinuoust Bj^(l) ^ 0 and jR,j(8) J 4 dj^  a". 
By putting 8 « f^(o) in (1.8.4) where k is sufficiently 
( 17 ) 
larg« 90 that fj^(o) C SgCUt we tind that 
I - fjj(o) C j ^ a * , n - - » . . . (1 .8 .5) 
nhere e^ i s positlTc. Itrcm (1.8.4) ftnd (1.8.5) »• obtain 
l i s « i i a „ S • X 
° - - l-f^(o) « * - l - f^(o) 
1 
« ( ) B , ( B ) ( B - D * I . . . (1 .8 .6 ) 
« g(«) say 8 € Sgd) 
Tha functiona H n^^ "^  " 'n^ **^  3 / Cl-^a^o) 1 «re p.g.f.*« 
for each Q and therefora ara hounded in tha tmit circle 
uttifomly in n. H»noa thena ganerating fanotlon 8 eonrargs 
uniformly in any closed ragion intarior to tha unit eircls 
and tha l i a i t g(8) aust then be analytic wbanarar jsj < 1. 
Since tha darlvativa of these functions at a " o also conTarge 
to the darivativas of g at a " o. Va sea that g i s a power 
series ahoee coafflelants h^ ,^ ^2»*** which are a l l non-4iagativ« 
are tha l i is its of the conditional probabilities (1.8.1) . .^ roa 
the relation batween g and B in (1.8.6) «e see that g i s a 
( 18 ) 
continuouB at 8 * 1 and that g( l ) » I and hence 1^  b^ • I, 
«• replace s by f(S) in (1.8.6) taking S oloee 
enough to 1 so that both S and f(8) are In S2(I). Using 
(1.8.5) • • obtain (1.8.2) for s e Sgd) , f(B) e Sgd) . 
Hence by analytic continuation, equation (1.6.2) holde 
th2H>ughottt the unit c irc le . 
(caee when n » 1) 
Whett > » ! « « • harm an exponential limiting dletributioa 
regardleee of the for« of f provided f*»*(l) < ••• 
2ifBI2§ (1 .9 .1 . Soppoee • " 1 and f***(l) < «•• Let S denote 
the points m that either (a) are interior to the unit 
circle or (b) l i e on the eegoent of the unit circle 
" ^o i arg s i %* excluding the point s » 1 where 8^ 
ie a poeitiTe mn^er i . e . 
j f ( e^ ®) j < 1 for |e I i 9«f 8 »^  o, then 
1 n f " ( l ) 
— -¥ I O(log n),« e s,n - •• 
l-f^(s) 1-.. 
. . . (1 .9 .1 ) 
( 19 ) 
Ijf in •ddttion f^^(l) < «, theft •xpr«»»ion 
1 n f ' ( l ) ( f ( l ) ) ^ f " ( l ) 
l-f^(8) ! - • 2 • 6 
I . . . ( 1 . 9 . 2 ) 
! - • 2 
coBTsrgefi to a f in i t e l imit as a -* «•# unitormly for s in S. 
The l i « i t i s bounded for e C S. 
If B » 1 acd f***(!} < «> > then we bave 
2 
P^«jj^ > o]cs^ . . . ( 1 . 9 . 3 ) 
n f*'(l> 
^•9 .3 . metrt^B»o|^ 9t »n W t^fi ft ^g.^ffKfl * 
Siz»e 
1 Zjj - 1 • B(ay8jj y o) P(«^ j ' o)» 
«e get f)roB (1 .9 .3 ) 
II f ' » ( l ) 
*^ *n/ «ja "^  "^ ^ , n - - . . . ( 1 . 9 . 4 ) 
( 20 ) 
BaoTM. 1.9.1. Seppofle a « 1, and f * " ( l ) < - , th«n 
2z 
U a P( — S — > ti/ a„ / o) - «•* , • u ^ o. 
Proof. Ilie conditional characteristic funotlon of th© random 
variable 2z^ / nt**il) glv&n that z^ ^ f' o , la 
^)^(t) « -• 1, flFl,2,...,—» < t < -
1- f^(o) 
. . . (1 .9 .5 ) 
i«t I be the cloaed interval C-*|,t t^ ^ Jsi, excluding 
the point t • o where t^ ia an curbitrary poaition nantoer. 
If n if. sufficiently large, then «2it/a j i i ( i ) belongs to 
S for any t in X. i^noe we can apply the Lersnta (1.9.1) to the 
R.H.S. of (1.9.5) obtaining 
SClliii Ll-^ dog n/n)l 
2 
j ^ ( t ) « » 1 - — • — • . — • • • • — -I. . .• „.,,.•«„.„ -M,,^  t € I 
I n f " ( l ) 
^ ^ 2 i t / n j . , ^ j 2 
. . . (1 .9 .6 ) 
a^tting n - « in (1.9.6) we eee that vpa(t) - l / ( l - i t ) , t e l , 
this being also truet as can be seen diz^otlyt for t * o. 
( 21 ) 
Since t i t arbitrary tb« Ainotioa A^  ^  laoet ootxrmrge for 
••oh t to l / ( l - l t ) which lo the oharaoteriirtle funetion 
of Exponential distrihution, 
i . 9 . 4 . T^ i f i i i y^ iBtftgy 9t ft tttmrtBK Cantto : 
Suppose a fanlly happens to be Mcnrlving after a largo 
naoiber of generatlo7> !^i (1.9.3) gives the oondltlonal diatribution 
of 211 . ffDwoTer, the conditional dist i l but ion of the else of 
the faaily at tine u < S given that i t has sorrived I 
generations. If H -> n and n are both largot there i s again 
a aniversal Halting conditional distribtttion of 2s^at* * {I) 
given 2g > o, as n -• «» and ^-n -• •», approaches the 
distribtttion iHiose deneity fonotion i s ue'^» o > o. 
2.1 la^rod^ctlog, Th© concept of age-dependeat branching 
procesp was introduced by Richard Bellisan and Theodore Harris 
(1948,1952 )• I!hey are said to have laid the foundation of the 
prooese. 
then particles have general (not necessarily exponential) 
l i f e tiae distribution. ?hen the process of zCt)« t > o, where 
z(t) i s the nuol>er of particles existing at time t» i s called 
an age-dependent or general tine branching proeees. It is 
non-Martovian. 
levimiofi also gave lirait theoreats for the age-depezdent 
branching process in I960 and since then a lot of work on this 
tmbject has been done, ^e main contributore being 
Sevastayauov (1969), «einer and lode (1965t 71)t David (1976) 
and Atherya (1976) e tc , 
liet 08 consider a bram^Ling process sodel irhere each objeet 
has a randoa l i f e length following a general l i f e tiae dis tr i -
bution. An object bom at tine 0 has a randon l i f e length and 
( 23 ) 
with the probability diBtrlbntion G(t)« PC^i t ) . At the of 
i t s l i f e i t i s replaced by a randoa nuaber of siai lar objects 
of a ^ 0, the probability being p^ that ttie noatber of new 
objects i s r . ?he probabilities p^ are assuned to be independent 
of absolute tine of the age of an object at the tia» i t i s 
replacedt and of the nnsber of other objects present. The procera 
continues as long as objects* are present. 
The reason for the * age dependent " ie t i^at the probability 
dG(r) j [ l-G(r) ] that an object living at age T , dies in the 
age interval ( x t T * d^ ) i s in general a non-«onetant function 
of the age T . 
Age-Dependent processes can be used as mathematical models 
for certain phases of t^m BOiltiplication of colonies of bacteria 
or other creatures that reproduce by fission, and can be used 
to study the distribution of ages or quantities related to age« 
^ch as the mitotic index, J>ge«dependent process might also be 
used to study the multiplication of neutrons in an infinite 
medium iriiere the cross section of a neutron depends on i t s 
energy. 
( 24 ) 
2.2 t^ xKifltttfifw anfl Wqttfflfigg ' 
Definition 2 .2 .1 , Let «• Isl 1 I be a ccw^lex nomber and 
let f . ( t ) be a flinctlon of t defined for t 2: 0. Also let 
F(8,t) • ^ P(z(t) « k(e^ be the generating function of z ( t ) . 
We say that f . ( t ) i s an e-eolution of the integral equation 
8 
?(e,t) -a ri-<*(tO • / hi:?'(«tt-«aaG(tt), |8J< l.ti I 
0-
• • • v2«2«lj 
whare 
SO 
^(s) « I p^ a^ « I P (ir. « k) »^ 
k«o ^ ^ 
...(2.2.2) 
0(t> « P (<^^S t ) 
and ^ T representB the length of life of objects < !• > if 
f.(t) satisfies (2.2.1) and | f.(t) ) < I for t > o. 
Harris (1952) considered the above re wit and proved for 
GCO'*^) « o, for h(8) * 8^. Levinsion also obtained the SOMS 
result for general h in I960. 
l^BI^ 1. If r G(o+) < I, than !J^ (t) < *» for all t < «» and is 
bounded on finite t intervals. 
?heoy^ 2.2.1. Let h be a generating i^mction and G a 
( 25 ) 
distribotion on &, •* J with Q(o-*^) * o. Th«n equation (2.2.1) 
has a solution ?(;5,t) - '^ P(Z(t) * k ^ uhlch i s a geasrating 
*6 
fUnotion of saeh t and which i s ths uniqus boundad solution. 
IXfiSl. (Bus to LsTinslon (1960),T.Harris (1963)). 
Lat '^p(^ft) 2 /« and dafina 
*** 
V l 9 ' * * ^ « ;BCl-G(t)] • / hE VyS.t-«)JdO(ti) . . . (2 .2 .3) 
0 -
Sinca ?j ( ; i , t )« ; ! | l -« ( t ) l • hCu) G(t) and |S | 1 1, o ^ h^S) 1 1, 
we sea that |Fj^(^,t) i 1 and | ?j^(^»t) - F^(;f,t) | i 1. 
If l?n(^tt) I 1 1 than also clearly 1 ^ 1 i^^ '*^  < 1 and 
benoe by indaotlon 
I V ^ t t ) 1 1 1 , n > o . . . (2 .2 .4) 
It i s farther claiattd that 
' Vl9^»*^ - y ^ t t ^ I i m°^ 0*»(t),n i o, | 3 | < 1 . . . (2 .2 .5: 
where 0 i s a distribution on |o, «1 , G*** i s i t s n fold 
convolution, Q ^(t) " 1, for t ^ o. We already have this fact 
for n « o. If i t i s true for n, then, by the mean value theorea. 
t 
( 26 ) 
ana (2.2.5) liolds by iodaotloa. 
Coa0equ«ntly 
j Vk</8«*>- n^<^ »*> i i ^ «^ 0*^(t),k - 0,1,2 
we can i^ow In Louaa I that 
i: u^ G*^(t) < - . 
i"o 
Thus l^n is a CaucliQr aequance and convargae to a fuootlon ? 
(the genexating function of the process deteroined by (h,G)). 
Doe to the monotonocity of G ^(t) the serlee •(t)« £ m'H}*'^ (t) 
ml 
converges ani:forBly for t ^ t^ < •• and tfaas we have 
lim ? (S,t) - H^ft) uniformly for t i t_, [S tl I 
n -• •• n ' o 
. . . (2 .2 .6) 
Doe to uniformity* «« may talce limits through the Integral 
in (2.2.3) to conclude that F(;5,t) i s a solution of (2.2.1) 
and that i t must be a probability generating Sanction. 
To prove uniqueness, suppose FCS,t) i s ano^er bounded 
solution. Then 
|^'(;5,t)- HPft) j < m / |F(;},t-tt)- ^(^,t-«) |dO(u) 
( 27 ) 
i^ettlng tbe left «lde«qual V(t)» «e have 
t 
0 < V(t) < ffl / V(t-«) da(u> . . . (2 .2 .7) 
0 
It l8 eaay to show ttiat m*^  "^ Ct) - o for al l t > o. Heoc© 
iterating (2.2.7) , m conclude that V(t)s+o. 
?or any 6 > o, the eequence 2&(ii&,*), n ^ 1 , 2 , . . . 
foms a Galton->Wateon Frooeee with probability generating 
function 
Excluding Markov case tbe parocese 2(6a,i»)» nFo , l , 2 , . . . , 
o < 6 < •>« in general will not be a branching pzt>oees* dovrever, 
there i s another embedded branching procees defined by X Am) " 
the number of partlolee in the nth generation of the Z(t,iK)j 
procees. 
?hU8 i f we take the e^ple tree ^ and tranefonrt i t into 
a tree (»* having a l l i t s braoohee of unit length but otherwiee 
( 28 ) 
identical to «, then 
^(W) " Z^itif*), wher© 2^ ^ i« the uaual Galton-fat»on 
procesB. Let t^is) « S ( ^ V-g © " ^ ^' ^^'^ ^a ^^ **^ 
generating fuiwtlon of the laiaber of par t ic lee in the nth 
generation of a Gal ton-fat eon Process while fj^ C^)* f(^) ie 
the eaate generating function as that governing par t ic le 
production in the age-dependent process 2 ( t ) , *c will ca l l 
r Am) the embedded generation process. M. Goldstein (1971) 
gave the following inequali t ies which are basic in comparing 
the ^e-4epei^ent and embedded ger^eration processes. 
iffHSBfi^  1. I«t F(]^«t> be the generating fumstion of the process 
determined by (f,G). Bien the inequali t ies 
I <5-fn(;S) h |q-^l e** G*^t) < |q-c^(;S,t) | . . . (2 .3 .1 ) 
< k'fJn)l*k"Pl^ 8^ |G'^(t)-o*^^^^(t) j 
° ^ k«o 
...(2.3.1) 
are satiefied with O » r « f*(q) where o :^  ^  ^ q and 
with e « m « ^'(1) where q ^  J^ < 1. 
^ooXAi) suppose that o ^  ^  < q» and let the iterates 
( 29 ) 
j^yitt) be defined as in section (2,2) with "^p(;itt) • / t ^y 
induction i t i s clear trcm (2.2.2ji that *a9^»*^ ®^ ^°'^'' 
decreaeirig in n, and that p i. ^^ < ^m ?*iU8, the proof of 
?heoreia (2.2) gives 
^ i y ^ » * ^ i ^^ ' ^^ i q. n - • , o i, ^ 4 q, . . . (2 .3 .2) 
we claim f i r s t tlmt 
0 < F ^ . t ) - f^ip,t) i iqTp) -i^ 0**(t) . . . (2 .5 .3) 
IMs fact can be proved by indaction. ^r n « I, 
t 
t 
< r / {H^.t-u)"^^ dG(tt) i rCq-f) G(t) 
o 
where the first inequality follows froii the mean value theorea 
and the second from (2.3.2). Suppose (2.3.3) is true for n « k. 
Then applying the mean value theorem, and the induction 
l^poti^^sis 
t 
'^ < (^Mi'^i^i(Pft)< X f F(;5,t-u)-F^(^,t-tt) dO(u) 
i X (c2-f) 0*<^^>(t). 
( 30 ) 
Secondly, we show that 
n 1 
" " k«o 
...(2.3.4) 
Again proceeding by indDction we r«)te that 
0 < f(^)-'3^Cfi,t)«r-^<;^)-^JLl-«(t)J 
< iq-f) [l«-G(t) J 
while if (2.3.i) is true for Q » k, then 
o 
- f O'j^(^,t-u0idG(u) 
- •-, * 
< (q-;?) {i-G(t)>r / ^f,j(^)-^^(;5,t-ti)jda(u) 
< (q-;s) Li-^(tj> r(q-^ ) / i r^ LG (t-u)-
0 j » 0 
-G*^^' '^i( t- i i)JdG(u) 
which iiq^Uea ( 2 . 3 . 4 ) . 
Now coabining (2 .3 .3) t (2,3.4) and the fact tha t ^^ < ?, 
implies I<eflma 1 for ^ ^ q. 
( 31 ) 
(il) If q i • < If then (2,5.3) is to be replaced by 
0 < FjjCe.t) -F(8,t) i (BHJ) O " &***(«) ...(2.3.5) 
0 < ? (e,t) i (s-q) "i m^ ja'*(t)-G*^^^^(t)3...(2.3.6) 
- n Vpo 
Hbe proofs are exactly ae above and tbe h^vme, follows. 
tJeiog the above I^ iaraa, the extinction probability of Z(t) 
now can be found eaeily. 
•?^orea 2 .3 .1 . If 0 < e < q then ^(s.t) t q a» t t - . If 
q £ s < 1 then ?(9,t) ^q as t T * . 
In particular, 
11« P^z(t) - 0 ] « q . . . (2 .3 .7) 
t "* 
SESSZ* «^ *»•• ?o(«ft) z •• 
Induction on n in (2.2.2) ebowe at once that 
y «»t)/2 • for 0 i » ^  q 
" * ...(2.3.8) 
< » for q 1 0 1 If n > o. 
If 0 < B i q» and ?]^ (B*t) le nondeoreaelng In t for eoae 
k > o then by (2t2.2) and (2.3.8) we have for tg > tj^ . 
( 32 ) 
o 
H«aoe ty Induction ?^ (ffft) is non-deoreaelng In t for all k. 
Sifflllarly, If q i e < 1, then ?j^(»,t), k ji o, and ?(p,t) 
are non'-decreaelng in t. Taking n large and then t large in 
(2.3.1)t «e get the desired result. 
2*4- iSSSfilA.* ^^^ ^ ^ Age-dependent branching process 
Z(t), t j^  0 where Z(t) denotes the number of particles 
existing at tine t, the first aoaent is defined as 
M(t) « EZ(t) « / Z(t,&j ) A H^ ) where to is a set of family 
histories. Sinoe Z(t) is finite with probability l» 
M(t)» I P Z(t) - r , 
r ds 
We need iserely justify differentiation under the integral in 
the basic equation 
t* 
1^ (8.t) - 8&-0(t)> / ^^R s,tHi)]dG(u), \e\S< l,t > 0 
o 
H>r 0 £ s < I the differentiation yields 
( 33 ) 
, . . L . : — - £ l - 0 ( t ) > / h 'P(^, t -a) —^ — dG(u) 
< l -o ( t )* o / — dG(c) 
where n « h*( l ) . 
I terat ing the Inequa l i ^ , we obtain 
Sf^CStt) 
where C ( t ) « £ m" 0*'*(t), t 2: © aod G i s dietrlbutlon 
on ^ , •»] and G^* ie i t s a foXd convolution, G " ( t ) * 1 
for t > o and o < a < «* i» conetant. 
2.5 iQtfgy le EQoatioa : The explication of the integral 
equations to the z^newaX tbeoxy of population anal^sii* and 
problems of industr ial replacemint i s beset with certain 
d i f fpml t i e s vrtiich have been di^ussed particularly by 
Feller (1941), " Lotka (1939b) provided a nuaerical 
exaaple based on population s t a t i s t i c s i l lus t ra t ing how, uping 
di?contirmou8 data, a recurrent ser ies takes the place of 
ttm integral equation. Before proving the following tlieorei 
2.5.1 given by Bellaan and Harris (1948) (froof in due to 
( 34 ) 
ievinsion (X960}) we dlecuas l^ere an important result and a 
L«Beia aseociated with integral equation of renewal theozy. 
i«t G be a distribution function on (o, °»), we aeeume 
that O(o^) ^  o i,e, there ie o probability of instantaneoue 
death. l«t us consider ttie equation 
t 
k'(t) « f(t) * m I k(t-a) aG(a) ...{2,5.l) 
o 
where k le the unknown function, a ie a positive constant, 
and f i s a known borel mea»2rable function that i s bounded 
on every finite interval, fe adopt the convention that G i s 
owitinuous to the right. Vhe integral in (2.5.1) i s intrepreted 
t+o 
as / and is a Lebesgue-^tieltjes integral. 1%e total 
o 
variation of ar^ function g on the interval i t i t tpl i s 
tp 
denoted by / ^ j d„(t) |. The convolutions of G are defined 
*l S 
by G, = G, G(t) » / 0„. i(t-u) dG(u). The function 
* ^ o 
Km,t) = ^ • G„(t) i s finite . . . (2 .5 .2 ) 
^ l ** 
IfisiBg.l. Equation (2.5.1) has one and only one i^lution that 
i s bounded on every finite interval. Fnis ^ lu t loa has the 
fora* 
( 35 ) 
t 
k(t l « f ( t ) * la / f(t-Hj)d .i(iB,u) . . . ( 2 . t ; . 3 ) 
o 
In particular, i f f ( t ) « G(t) , thea k(t>«= U(m,t) < • 
(%ller 1941). It i s not necopsary to require that f be 
Qon^negatlve. l e t ue iu>w define the real oonetant a, when i t 
e x i s t 8 , by 
a / •""* aa(t) » I . . . ( 2 . 5 . 4 ) 
o 
There i? never t^re than one real a satlefying (2.5.4) • If 
m > 1, there i e a poeitlTe root , i f ra *" I , the root l e zero. 
I f a < 1 there may or n^y not be a real root, and i f there i s , 
i t i s negative. 
Tbe^ref ( 2 . 5 . 1 ) . The expectation M(t) satiBl'leB the renewal 
equation 
t 
M(t)» 1-G(t)+ m / M(t-u) dG(u) , . . ( 2 . 5 . 5 ) 
o 
where m » h»(I) and h(^) « -i. p jS*". M is bounded on each 
r»o 
f in i t e t - interval and i e the only soluticnof (2 .5 .5) having 
thie properly. 
Proof. We start with the basic integral equation for the 
generating function 
( 36 ) 
o 
. . . (2 .5 .6 ) 
If {^ 1 < X, we can differentiate botii sides of (2.3.6) w . r . t . 
8, slQce F i s a convergent power series for j;? j < 1. 
Hence* 
dH$.t) t aF(^, t- i i ) 
^ « I -G( t )* / h* p'(jS,t-*i)l dG(u) 
6S O 3S 
t 6?(S, t-u) 
< 1-G(t)'hl / ^ dG(ui,0 < jB < I 
. . . (2 .5 .7 ) 
I terat ion of the above inequality (2.5.7) yields 
< l-G(t)"»'BiD-G(t)J* dG(t)'h8*^ll-0(t)l*dG2(t) 
^.. .-^ •i^|i-0(t)J*dGj^(t)-^« • " ' ^ ' • d V l ^ * ^ 
. . . (2 .5 .8) 
t 
where f( t)MG-(t) means / f(t-tt)dG(tt). According to 
formula (2.5.2) and i^araa 1, the function a(t)« I a G^(t) 
i s bounded on eveiy f in i te t - in te rva l . Kence, since the las t 
tera in (2.5.8; - o as k - « . 
( 37 ) 
l>©tting k - «» In (2 .5 .8) , we get 
—Ll— < l -a( t )*a / (l-G(t-a)]dif(a),o <p<l 
"^P ° . . . (2 .5 .9 ) 
d? 
Am $ f l , — Increaoes, the U i i t being M(t), However, ftron 
(2.5.9) and lieisaa I , the IliBlt i s bounded on each f in i te 
t - l n t e rva l . Hence, we can l e t ?S 1 1 in inequality (2.5.7) 
obtaining 
t 
M(t) * I-a(t)'^ m S M(t-a) dG(u). 
o 
2.6 itonotoof CtLfffft^ltr of ^ I *e diucuss here the Monotone 
'VV\ (j!.VS> 
character of M depending on the Taluee of<which tnay be^than or 
equal to unity or greater than unity. 
Let the renairal equation be 
o 
ifhere h » ( l ) • « . 
If m •* 1 then the solution to the above renewal equation 
i s M(t) « 1. Ifew in case n j< 1 (either a > 1 or m < 1), M i s 
{ 38 ) 
non-decreaelng i f a > 1 and non-increasing i f ® < 1. «e baiw 
the arguaent on the observation that the funotioa h entere in to 
above equation only through the constant a « h»( l ) . Hence, i f 
we consider, instead of E an age-dependent branching process 
2, with the paiae S bet with h replaced by any hj^  such that 
h»(l) ** «» then #e &i^ that 2j^ Ct) wil l have t l » satse expected 
value as Z( t ) , 
Sie case of a > 1 ims considered and prowd by Levineion 
(i960) who used purely analytic method, h^ ^ was so chosen that 
h^(o) » o «Qd h£(l) » a . 'Fhe correepoafiing raMoa function 2^ 
i s non-decreasing in t with probabilitQr 1, Hence, i t s expectation 
i s non-decreasing in t . 
:^inally for a < 1, l e t us take h(js) « l^at ajJ, Then Z, i s 
obviously non-diiK^reasing with probe^ilil^ 1 and hence i t s 
expeotatbn i s non-increasing in t . 
2.7 Calculation of M : The expectation 1 was considered by 
Feller (1941), Lotka (194B> who calculated the expectation by 
miaerical or series inethods. However, the expression for the 
Laplace tranefora of M can be found siaply by taking the iuaplace 
( 39 ) 
tranp'^ona of both the aides of the renewal equation (J?.5.5) 
and using the following re la t ion 
/ e'^^lJ f(t-y)dG(y)>t« / e ' ^ f ( t ) d t / e"^*dG(t). 
0 0 0 0 
Mie obtain ttie equation 
.-at I - / e"^^ da(t) 
tm O 
/ e'^*M(t)dt « . . . . ( 2 .7 .1 ) 
B S - O /e"^*dG(t)] 
o 
which i s valid when t l ^ real part of p oe wjfficiently large. 
fe can aleo fini M expl ici t ly in the important case of the 
sultiphaee b i r th proceee (Harrie 1963» pp . l l 4 ) . In thle caee 
(2.7.1) soiH leads to thm following esq^treptsion 
/ • * * ^ ( t ) d t « — . . . (2 .7 .2 ) 
(b-»e)^- 2b^ 
?he seroe of the denoainater in (2.7.2) are given by 
0^ « b( 2^^ e ^ * ^ - I ) , r « o , l , . . . , k - l . Accordingly, the 
k-l 
R. XfJ. of (2.7.2) hae the form i •V'(^-®-)» wr«re tt»e iL. 
can be determined by neual rules of par t ia l fraction decorapofiitlone* 
( 40 ) 
a t 
ifeace M(t) « 1^  Ap • ^ . Pino© a^ hB." a greater real part 
than any of the a ' e , we have a«y®ptotic eacpreseion 
a . t ' " b(2^/^^X)t 
^( t )^4 , e ** « - — « »* ...U.7.3) 
2k ( 2'' ' '^-l) 
^ ^ e aasffqptotlc exponential expreeeion for the mean population 
size euggeiit the lalthueian lair of population growth. 
We deecribe B«wae Interesting a«id ueeful reeulte for 
determining th© ag^mptotic behaviour of M in the following 
section. 
2.8 A8zsg1^qjfe4<|..Bgh^^^oji^j^l^ : m© aeyiaptotic behaviour of 
M oan be deteralned by ueing the reeiulte of the integral 
equation of thm renewal theory, Ito thl© revewal treatisente 
and advancer riave been oontribated by Tacklsnd (1945) Bellaan 
liarrie (1948,1952), ^aith (1954), Chietayatov (1964) , 
K.B.Atherya (1968) and Chover, !ley, iainger (1969) (1971) e tc . 
Before discuitsing the result?*, «rei define the Lattice 
d is t r ibut ion . 
l?ef|.ni[.^toqi : A diecrete random variable X i© ©aid to be a 
l a t t t e e variable or to have a l a t t i c e distr ibution i f i t taken 
( 41 ) 
values c -^  nd ( n = o, • 1, • 2 , . . . ) aiiere o and d art 
positive constants, the largest d i s said to be the period 
of the d is t r ibut ion . 
Hhetx c ^ ' O f d ^ l t a l a t t i ce variable bec(»s«8 an integer 
valued variable. 
We say ttmt G i s /\ l a t t i ee dis t r ibut ion i f i t i s constant 
except for jjusps that are located at positive integer multiples 
of some positive nueiber b. and i f A i s ttie isuch largest mmiber. 
,. (Saith 1954). S u^ppose tbat 0 i s not a l a t t i c e 
dis tr ibut ion and that a ex i s t s . Suppose also that ei ther 
of the two following conditions holds I 
(a) f ( t ) e*^* i s the dirfereace of two non-increasir^ 
functionst each of which i s iotegrable on ( o, «») and 
/ t e"*** dG(t) < «» ; or 
o 
(b> f (t) e approaches o as t - •* and is bounded «id 
integrsO^ le on (o,-») and / t e"°* dG(t) < «. Then 
o 
k(t) r^ n- e"^ as t - «* , where 
( 42 ) 
B J 
O 
o 
a^ • ...(2.8.1) 
m r t»"^* da(t) 
2. Suppose that n > I and that & has a denelty Q 
satisfying / (gCt))'^ dt < «• for soiae p > I. Suppose that f 
o ^ 
i s continBotis and / jd f (t) | < «>• Then 
0 
k(t) - n^  e** 111 -^  0 (e"»*) J . . .(2.8.2) 
for some € > o (which say depeod on f where i^ is defined 
by (2.8.X), 
l^l^yfl 2.8.1 . We suppose at > 1 and a defined the oonstant 
a as the positive root of the equation 
m S e"**d G(t) - I •..(2.§.3) 
o 
If a if) not a lattice distribution then 
M(t) n^e«* , t - - ...(2.8.4) 
where. 
( 43 ) 
. . . ( 2 .8 .5 ) 
The theorem ie a special case of hemma, I . 
In cae« G i s a A l a t t i ce dicitribotion then M(t) i s 
conetant on each inteiTTal ( o, A )« ( ^ t 2A } . . . . and i t s 
value on the interval (r A • (r^l) A ) ig given aeormptotically 
by 
A(m*l) e 
r4(rAt-o) —— - • ..,•• . . . (2 ,8 .6 ) 
o 
Thffoyff :2 .8 .2 . . If G has a density G»(t) « g( t ) and i f 
OS 
/ (g ( t ) j^ dt < « for sone p > I then theorem 2.8.1 can be 
0 
etjrenthened to yield 
M(t) « a^ «*** j[l+ o( «-«*) 2^ t - «« 
for 809M e > o, 
JNPZ:ffl ^.8.3 . Suppose o < I , 0 i s not a l a t t i ce dis t i lbut lon, 
and there exis ts a r ea l a (necessarily negative) satisfying 
( 44 ) 
(2.B,3). r.uppope In addition that / t^ e"^* da(t) < «-. ^^ti^a 
o 
(2,8.4) holdB, with n^ again defined by (2,8.5). 
Fgcjgj;* ^ince a < o, we have 
"^ * Ll- G(t> D i / e*^* dG(x), 
t 
and hence» 
e"^* [ I -G( t ) ] - o ae t - « . 
If o < t < r» we obtain Integration by parte 
/ e"** da(x) ->• (l-O(Tj) e 
T -ax -ot 
« -o / e (l-0(x))dx • e ( l ^ ( t ) ) . . . (2 .6 .7) 
t 
I^ettlng i' - «» In the above equation (2,8.7) we eee that 
e"°*(l-G(x)) i e integrable on jo, » 3» i^nce the condition (b) 
in Lesaoa I 1P eatiefied with f ( t ) » l-G(t) and the theorem 
follows from t h i s Leoaa, 
Jranchlng Pfoq^Eg I i?e obtain the aeymptotic behaviour of 
the second, third and fourth i^w moments of i : ( t i , using i t s 
( 45 ) 
f a c t o r i a l ?i!0!t»Qtf? M^^Ct), t «» 1,2,3,4 as t - •». 
If j ^ j < 1, we can d i f fereot la t© both t i d e s of equation (2,2.P) 
twice w . r . t . ^ , s ince ? i e a convergence power s e r i e s for 
(Bj < 1, Hence 
dF(S,t) t ^ &FtS,t-4i) 
—!- «( l -S(t)-^ / h* [r(5S,t-B)l —^- da(a) 
d^ - ^^ 
t «F(0, t-u) 
£ l - G ( t ) + m / —^- asCu) . . . ( 2 . 9 . 1 ) 
° 8^  
a i ^ 
— I — • » J h»'G-C^.t-aO C—^ X da(u} 
t ^ _ a^^(8,t-o) 
• / h» |P(S, t -u)4 ^ dGda) 
3: 
t ^ 9 F ( ^ , t - u ) 2 t ^ i ( S , t - c ) 
< ao / C-—^  ] daCuj-hB / "—^— dG(u) 
o e^ o Q^ 2 
. . . ( 2 . 9 . 2 ) 
t ^6P(S , t -u ) 2 
i « t aig / L—'^-~ J dCI(u) « xpj^(t), then the inequal i ty 
0 
An (2.9 .2) teccmes 
8^P($,t) , ,t 9^F(s,t-«) 
- , - J : ™ < x p ^ ( t ) ^ J Z _ aG(u) . . . ( 2 . 9 . 3 ) 
( 46 ) 
Iteratton of tb« above Inequality (2.9.3) leads to the 
followlns Inequality 
. t k+X t ^F(» , t -o) 
• . . . • a*' / ^j^(t-o)cl&j^(a)^ / ^- dC(u) 
. . . (2 .9 .4) 
"• k I We note that the fenction H(t)« l a ®tp(*) i s bounded on 
every f ini te interval aooordlng to (2.5.1) and also for fixed ^ , 
?'F jJ^F 
{«{ < 1, — and --"- are bounded functions of t , the laet tern 
In (2.9.4) * o as k - « . Thus le t t ing k - «• in (2.9.4) , we 
obtain 
^H 5»t) t 
^ i Yi(t)+ffl/ ^ (t-u)dH(u),o if<l . . . (2 .9 .5 ) 
a/B^ o ^ 
dp a^F 
4s S 11» — and increase, the l i a i t s being Ht) and 
m^  (t) reepeotively. fiowever froai (2.9.5) and (2.5.1) the llaiits 
are bounded on each f ini te t in terval . Hence, «e can le t 
^ f 1 in the equality (2.9.2) , and notice that ^-^it) -
t 2 
«2 / Ij^(t-o) J| dG(u) as k - « and ^ f I, ffe tlierefore obtain 
( 47 ) 
t 2 t 
uAt> iBg / LM(t-u>I dG(u)+m / Il2(t-«)da(u)...(2.9.6) 
o o 
Mfferentiation of the equality ia (2.9.2) w.r.t. S yiclde, 
a5p(^,t) t _ _. _ e?(55,t-«) 3 ^ ^ 
t ^^ ^ aF(^,t-«) 0^p(;5,t-a) ^ ^ 
+3 / h»» [fC^.t-oO — da(u) 
° dp b^ 
t S F{S t-ii) 
• / h« [?(S,t-«iQ •—.^~ dG(u) .,.(2.9.7) 
t „8F(g,t-u) 3 , ,t eFC$,t-u) 
82F(^,t-o) t d5?(B,t-a) 
-«-.——«—. d(jr(u)* m / -«—iL-™— d(»(u). 
Let 
t _eF(g,t-«) 3 t dd'(s,t-4i) ^F(s,t-tt) 
a^  / |_—C — 1 dG(u)*3iB^ / —•• - " ^-.-«— 
f2 ( t ) . 
tii^n the IneQuallty In (2.9.7) beoomee 
8^F(g,t) t d^F(S,t-u) 
^ < f2Wt'*^f ^ - - ~ dG(u) ...(2.9.8) 
( 48 ) 
Iteration of the above inequality (2,9.8) yields, 
^H$ft) t 2 * 
a^ ^ o 
• ••• 
,^ t k^l t d5F{;5,t-u) 
. . . (2 .9 .9 ) 
AB mentiooed in (2.5.1) tbe function i{(t)- ^ m^"^jj(t) 
i s bounded and since -—• —- and —^ are bounded functions 
^P ^ a;85 
of t for fixed »^ If^l < It the last tera in the inequality 
(2.9.9) tends to 0 as k tends to •*. Thus letting k - •• 
in tbe inequality (2,9.9) we obtain 
8'?(;6,t) t 
^ ** . . , (2 .9 .10) 
a? d^? d^p 
— , and increa^ as S f ^ # t^e limits being 
W(t), M2(t), llj(t) respectively. Ifowever, ftrom (2,9.10) and 
(2.3.3)» the l i s i t s are bounded on each finite t interval. 
Hence we can let ;S f 1 in the equality (2.9.1) and notice 
that as ^ 1^  1 aid k - •• 
( 49 ) 
i!hu8t we h&n 
M,(t>» B^ / |M(t-a>J .dG(o)+ 3112 / M(t-B)^(t;-o)dO(u) 
•a / lIj(t-tt)dG(tt) . . . ( 2 . 9 . U ) 
Sow, folllwing the naen procedure as before we differentiate 
(2.9.7) and note that — r Is a bounded ftmctlon of t, for 
4 "^ 
fixed s, iej < 1» -~r increases as s f l , the limit being 
Ss* 
M^(t) whidti i s bounded on each f in i t e k-interval . ISius 
t 4 t o 
M^(t)- m^  / LM(t-u)3 da(u)* 61B5 / ir(t-u) 
t 
a2(t-tt)d&(tt)+ 4a2 / a(t -u) M3(t-u)dG(H) 
t j> t 
* 302 / l^ ( t -« ) dG(tt)+ ai / M^(t-u)dG(u) . . . ( 2 . 9 . 1 2 ) 
Da order to study the asgrsiptotic behavioir of the raw 
aonents of 2;(t> using the factorial ^aoments \{t) as 
t -• <«», we define 
i. » « / e"^®* dO(t) < 1 
^ 0 
£^(t) - e"^"^*^ Mj^(t) 
d(r^(t) « e"^*** dG(t) 
( 50 ) 
and a^(5^, t )« S^i^Ct)"^ 5^ ff^gCt)*^^^ 5 j , 3 ( t )+ . . . , 1 -2 ,3 .4 
. . . ( 2 . 9 . 1 3 ) 
where 5 | ^ I s the a th convolution of ffj,. 
-2a t 
How multiplying both aldee of (2 .9 .6) by e and 
using (2.9.13) with 1 - 2 taken the form 
t 
K2(t)» t2it)'*^ m2 S lC2(t-a) JSgCu) 
t o -2a t 
where f2( t )« aig / i r ( t - u ) e dG(u) < « . 
Using (2 .8 .5) we see t ha t from the i^easia (2 ,9 .1) with 
Kg, i g . ^ 2 ' ^ **** ^2 ^ place of K, a , G and f 
r e spec t ive ly , we obtain 
i lgCt) -^ ^ e^*^^ . . . ( 2 . 9 . U ) 
1 - a / " e^"" dO(u) 
o 
* au n^ ^ Sp e 
where so 
/ e"^*^" dO(u) 
o 
l-iB / * e"" '^'**dG(u> 
o 
, 1 « 2 ,3 ,4 . . . ( 2 . 9 . 1 5 a ) 
( 5 1 ) 
There Core 
next siultiplying both sides of (2.9.11) by e""^ *^ and 
using (2.9,13) with 1 « 3f we get 
t 
where t - -3at , 
f3(t) « fflj J »^ (t-4i)e dG(u) • 
3ai2 -''' •""'"* M(t-u) M2(t-u) dG(u) 
By virtue of (2.0.5) and (2.9.13) we see that 
11m f-(t) • n\ («_^3t4 ^2^ ^  ^"^"^ dG(u)< « 
t "• *•• o 
and fr(»n i^insa (2.91 ) with K~, m^ , iL and f^  i n place 
of £, m, S, H and f respect ively* we obta in 
« o "• -3ttu 
n{(m,'^3ffl5 ^2^ J « «*® »^) 3 ° ^ ^ 
M^  ( t ) ^  i ^~ ^ 
j-3att 
,3/» ^,«2 e \ c ^3at 
1-m / e"^ **'^  da(u) 
o 
nlim^*3w^ S^) S^ e ^^ ' . . . (2 .9 .15b) 
( 52 ) 
where S^ and S- are defined by ( 2 , 9 , l 5 a ) , 
Then 
And f inally multiplying both sides of (2.9,12^ by e"^"* 
and using (2.9.13) with i « 4t *sre get 
^^(t) « f^Ct)-* ffl^ / K^(t-u) d(?^(u) 
t A -^at t « 
where f^Ct)- la^  / ! r ( t -u )e d&(u)+ei05 / s r ( t - u ) . 
-4at t 
M2(t-ti)dG(u)e + 4ii2 / M(t-u)M^(t-tt) 
o 
da(u)-^ 3B^ / «*** !^(t-u) dG(u). 
By virtue of (2 .8 .5) and (2.9a4> and (2 .9 .13) , we get 
4 -
l i n f^(t)« n^ ^ I.ffl4*6a2°3^* 4!B2m5Sa 
OS 
* 12ai| $2 r>3 * 3 a | «5|l / e ~ ^ " dG(u)< -
Deing Lemma (2.91) with K^, a^ , ff^, \ and f^  in place of 
K, ra, G, I! an-^  f respectively, we obtain 
( 53 ) 
li.(t>,^ ttjL'«4'*" *^2*3^2"*^  ^^^'^'^'^ ^= i 2^ 5^ * 3a^  4 J 
/ • • ^ " dO(u) 
.--. e ^ * . . . (2 .9.16) 
l - a / t"**^ dG(u) 
o 
Sg, S- and F;. are defined by (2.9.15a), 
-men EZ*(t) ^M^(t)'^ en^Ct)* TMgU) • M(t). 
at> Now, If we conelder the randoa variables W^ " 2(t)«(n^.e"^). 
Wte eee that E«^ • l i « {l2^(t)/ (n, e*'*)*^3,4k-l,2,3 and 4. 
can be calculated froa the sKMsente of Z(t). 
^2.91. : Suppose B < 1 and l i s f(t) " a (<1 may or 
t - -
aay not be a lattice distribution. Then iC(t) - o/(l-a) as 
t --. 
^fmplg : If 0(t) « l-e *t then the generating function 
dFCS,t) 
?(s,t) satififies "bLh ?(^,t) -?(^,t)J»t > o, 
dt 
1;^ l< I. 
( 54 ) 
F(S,o) « «?. If ? ( l , t ) = It io^ a l l t > o then 2(t) I P a 
'ferkov Branching Prooeps and any sequence i-(o), i-(A ),2.(2 A ) . . . 
i s a Galton-^atson Frocees, 
AsBunie that the offspring has a geometric dietribution then 
h(s) « p / ( l -q8)t o < p < 1, q 1-p. 
'!bU8 "(S.t) eatiBfiee the following equation 
p-q.F l-j* p b(p-q)t ( !! ) q « ( ™ ) e 
p-q.S 
II 2 2 2 
Aseuiae h ' ( l ) « q/p » la < •», then h (I) « 2q /p • 2«i •• ag 
h (1)« ea"^  « nu, ana h^*'(l)«» 24ii^ « a^, o , ana a^ are 
also f i n i t e . 
.Ton (2.0.3) ana (2.9.6) , we get nj^  « I , o « b(ia-l). .%e 
n-fola convolution of S are G^(t) « I , aj^(t) » G(t) , 0^(t) • 
I - •*** "^ I (bt)V k/ , using 
k«»o 
W(t) « £ m^ L\{%) - Gfe^iCt) 1 
where G^  ie definea as 
( 55 ) 
t 
- ^ -b t k - I (bt)'^ •*% k (bt)'^ 
l ( t ) of :2(t)« i: m* 1-e i — 1+e i 
k*»o r*o _ r**o _ 
T T 
« :^* I «^ ^^ ^^ ^ . •-** .otot « at 
* e i . O -nil • . . • - • • • * 0 6 * 0 
kpo k 
The values of B^ according to (2.9.15a) are 
1 
( i - . l ) ( a - l ) 
S^ « , i » 2,3,4. 
Thus the fac to r ia l sotMnts of z ( t ) as b - «* are 
Bu 2at 
MgCt)-^—=— « 
e - l 
m,(iii-l)+ 3ao 
2 ( 1 1 - 1 ) ^ 
and M^( t )^ fe^Cm-l)^'* eogB^dB-D+g^ Ij -
g4at 
3 ( * - l ) ' 
Thus the secondt tfelrd and tiae fourth rair inoraeote of z ( t ) are 
2, - 2 * * * *^* 1 
Sg ( t ; -^Log • * (jB-De J /CJO- I J 
( 56 ) 
and SZ*(t)--r^ai^(ai-I)^*8B^B5+9B^ ^ e ^ * • 
• 21 a^Cia-De^*^** 3Cia-l)' •***]/13(ra-l)^ 1 
» o a the last calculations* we oangtt the second, third and 
the fourth ravr f^naente of W .^ 
2.10 fnyppiftiifi, ^^Yftv^r pf <fCftBrfUa« % # g U g ^ : <^e diecu^ei 
here the aaynptotic behaviour of generating functicns of Age-
dependent branching proceee in c r i t i c a l and non-cri t ical cawee. 
Before diecuseing the various resul ts* we consider the following 
imf^rtant iiOBsiae. 
I . qn^^ff^^ c§gg (« " I ) 
1, If IB « 1 , then 
l-f„(^)-(l-?J) O '^^ Ct) < l-?(^, t)< l-f^C?!)^ (1-^) Li-o'^^CtQ 
2. If m « 1 and ti»»(l) » ^^ < «» , then 
A^(p)« i:^~.(l-.;?)n*ll L - S-L>-J - 1 as n - ~ 
2 1.J8 
uniformly for o < /^  < 1. 
( 57 ) 
^Qwrna 3 . If M « / tdG(t) < « and t*^  | l -G(t) | -
a s t - «», and I f G > o , then 
(1) If o « I ( t / ^ H l + e ) I, then t G*^(t) - o, 
( l i ) If • « I ( t / ^ ) ( l - e ) i, then t l X-G*^(ti ] - o, 
.Tft^ pyffla (2 .10 .1) . If E « 1, ^^ < ^ then a s n - •» 
2 
L l - f^(o) 3 « P I Z^ > o "] . . . ( 2 . 1 0 . 1 ) 
Theorem (2 ,10 .2 ) . (due to Goldeteln (1971)). If m « I , 
^ - h ' • ( ! ) < • • , M • / tdG(t) < « , and t ^ C l - 0 ( t ) l - o 
as t -• •*f then 
^ 2 _ ! - ? ( ? , t k 
Urn l^— ( l - ; i ) t + l j r - - — J « 1 . . . ( 2 . 1 0 . 2 ) 
* - *" 2M 1-^ 
Theorem (2 .10 .3 ) . If m = I , I x?'^^ Pn ^ ** ^^^ ^°^® € > o, and 
/ t dO(t) < * for BOflie o > o , then 
. . . ( 2 . 1 0 . 3 ) 
\8Axere T " the variance of 0 , a « S—ii l , I^ B ^ I . ' l i i ard 
2 6 
c« d > o are constantf>. 
( 58 ) 
Broof. Let n » Lit/^) (l+O], o < e. Vhen 
m € 
t > « M. ( 1 ) 
using th i s fact, the *..H.s, of Leraiaa 1, and L^if) Z ^n^**' 
L i _ (l^)n*lj L—S—] - — — -nLl-f^Co) J 
2 1-^ i+e 2 
< (_£ (i.;5)tna L — S — 3 
2M 1 - / ; 
< [ 1 - . ( i - ; ^ ) tn j L -—-~—] +( ^(i-?P)t"H)G*«(t) 
2M 1 - ^ ^^ 
but by I^ gae© 2 and (2.10.1) the left hand side of (2.10.4) 
goes to l^i^/i^Q) as t - * and by Leaaaa 3 with JOF £ (t /^) ( U e O , 
( X - ( i-s!) t^-l) G** (^t) - 0 as t - • 
2M 
Hence since C i s arbitrary 
Urn inf [ . ^ (l-;5)fH J L 
t - «» 2fi 
unifonaly for 0 < ^ < I . 
( 59 ) 
In tfee other directIm taking n » jT tA) ( l -€ ) J 
- 2 . U 1 . ^ 2M 
< r ^ d - ^ i n t i i i : — S J 1 . > { ^ (—)niii .f (o)J 
2^ 
^ f i l lcu^. tn j Li-G ''(t) 1 
niiere we have aiwd the fact that 
" i - e 
Slnoe n > ( t / ^ ) ( l - € ) - l . But by Leosaa 3 
l io ( ^~. (i-;5>t+i) Ii-a'^^Ct) J - o , 
and i^ ieJ:u!e applying Leana 2 and theorem (2.10.1), we ««ee that 
liffl sup L ^ - ( M ) t ^ i D £ — — — J < i . . . (2 .10.6) 
t - «^  2M l- ;g 
( 60 ) 
tJnlforaily for o ^ ;? < 1, BOA the theorem foIIowB from (2,10,5) 
and (2 .10 .6 ) . 
I I . RQn-qrlt|.caI Caae (m ^ I ) . (Halthupian caee) 
Tfaeorca (2 .94) , If a T' 1, 0 < i* « h ' (q ) , G I s non-latt ice , the 
MalthuBlan paraaeter a » atttS) ex ir t s and M^ * / tdG^(t)< "», 
then 
-at 
Urn e (q- f(;5,t) « Q(?5) . . . ( 2 . 1 0 . 7 ) 
t - « 
exiftts for 0 jC jS < I , i^rthenaore, 
Q(f) ° 0 i f f m < I and I p^3 logj • *• 
If a > I or -^  P-d logj < •• then Q(^) j ' o for e ^ q. 
Proof. PrcHu the equation (2.10.7) 
t 
q- ?(;5,t) « ( q - f ) ( l - a ( t i ) * / (q-h(.^(Sa,t-ii))dG(u) 
® . . . ( 2 . 1 0 . e ) 
Fixing ^ < S < 1 and sett ing 
/f (t) - q- -'(;?,t) 
'^^(t) « (q-^) ( l-G(t) 
( 61 > 
t 
.'^2^^^ " ^ (q-h(F(g,t-tt))-rii(t-«)da(ti) 
-f ( t) « ^j^(t) • fjgCt). 
and rewriting (2.9.8) as 
t 
H(t) « If it) * X f H(t-tt) da(a) . 
o 
-a t ^ 
If e ^^  ( t ) la direct ly Rifflann Integrable then by the 
fact that 
t 
U^(t) « 1 + r / Uy (t-y) dG(y), t > 0 
where 0 < r < •• i s a constant.will follow (2.9 .7) . 
5at)-'Bxyonent|.fU. C^^ : Bie *8Ub-expoaetitial* claee deooted 
by y coQsiete of a l l dietr lbutlon functions stiob that 
. . . (2 .10.9) 
* * ~ l-G(t) 
where 0 (t) i s a a-fold convolotioQ. Thene dis tr ibut ion 
functions a l l have t a i l s which decay at a slower than 
exponential r a t e . 
( 62 ) 
When 0 is in tbe nub-exponential class defined in 
(2.X0.9) then q- (^.t), like tne mean M(t)» behaves like 
the tail of G, 
ft?i§Qy^ ^ (2.10,5). (Chistayakov (1964). Chour, Hey, ^ Vaingpr 
(1969), (1972)). 
If m j' 1, r * h'(q) and G e f, tK«n 
q-5fX^ ,t) q-S 
U « « — ^ , 0 < 5f < 1 ...(2.10.10) 
* - * i^(t) i-r 
Propf. Me suppose that j? < q, and write 
q-?(;!,t) « (q-?) |i-G(t)> / q-h(q-lg-?(^,t-u)T dO(u) 
o 
liking any e > o, since q-?(^,t) •• o as t - « and 
q-f(^) " (q-?) h»(q)'^ o(q^), we can find a to < •* such that 
q-h(q-g-F(^,t-a)3) s. (r-»'e) B-?(^,t-a)l 
for 0 ^  u £ t-t^, t I t^. Thus 
t 
q-^(?,t) i (q-^) (l-<J(t)> / q-*i(q-<^-r(^,t-aO} dd^ (u) 
+ (r-i-e) / *» fa-?(^,t-u)l dG(u). 
( 63 ) 
and benc«. 
irtiere 
t 
o 
t 
t 
(r+e) f jq-P(^ , t -a) IdG(a) 
* - < ^ o 
and we obt^rve tha t 
r(t) - 0 CGCt) - G(t- %^) 2. 
If ^  > q • then a Rlnilar ioequali^ holds with q-F replaced 
by F-q and q-;i by ?-c. Also there ie a sirallar lower bound 
for q-F ^0&i (r^e) replaced by r-e. 'J^ us letting 
x(t) » j q-^(^,t) j and H(t) « |q-^  I ll-G(t) > r(t), 
we see that 
H(t)+ (r-e) x(t)«G(t) < x(t) < a(t)-^(r'*^)x(t)« G(t) 
On i t e r a t i o n i t y i e l d s 
R( t )* U^.^(t) < x ( t ) < R( t )* i^+e^*^ . . . (2 .10 .11 ) 
«^ere U -^Ct) i s defined a s 
( 64 ) 
i)^(t> - ^ r ^ a * ^ ( t ) , 110 
VFO 
0 l e a dtBtrlbution on &, « 1 • G le i t s n-fold 
convolution G*°(t) - I for t 2 o. and o < T < « 1» 
constant. 
uXMll! THEOREMS iQR AGg.4)E?E:imaT 
In t h i s chapter , we discuss the l imi t theoreai? for c r i t i c a l 
s u b - c r l t l c a l and s u p e r - c r i t i c a l ,ge-depend»nt ^ranching Irocesfiee, 
I t 1 P well knowa tha t for exponential l i fe t ime Gr(t) with 
parameter X Sevaetayenov (1951) showed t h a t lim t¥]z{t)>o} « 
t -• «» 
2]IX h^^hviX^ and for u > o 
ilia ? Ca(Xh^^^(l)t) zCt) > u / s ( t ) > o j « exp C-u) 
Analogoue l l ral t theoreme for d i sc re t e t l o e iw^re obtained by 
Eolaogorov and by Yaglom (1948,52j. Belltnan and l iarr le (1948,52) 
obtained the mean convergence and convergence in prob of 
z ( t ) / nj^ e*** for general Gr(t). The bas ic l laalt theorem was given 
by L e v l n p l n ( i960) , Welner (1965) extended the r e p u l t s of 
f^vaetayanov to the case of general a ( t ) and obtained the 
aayraptotic ooments of age-dependent branching process with a 
condi t ional H a l t tbeoresj which genera l i ses the r e s u l t of 
Sevastayanov. i ^ t e r on Atheiya (1969) studied the l imi t ing 
behaviour of the procese T ( t ) , t > o where y ( t )« - 2 l t l - , 8 i n c e , 
S 2 ( t ) 
then a large no.of researchers have obtained Interertlng and 
taore refined results of limit theorems. In the recent past sig-
nificant contribution have been made by David (1976), 
Vatutln (1976) and Cohn (1982) etc. 
( 66 ) 
Slack (1968) and Eolotarev (1937) bave proved l i o i t theorems 
for c r i t i c a l Galton-^ateton Brocees with discrete and coatlnaoae 
t int . In tfae case where* ^ t ^» the generating function (for 
discrete t ine) or the t ransi t ion density fuootion (for eontimtous 
tiaw) i s of the form 
f ( s ) - 8* (l-«) I.(l-s) 
« l-^ o 
f(8) - ( l - s ) L( l - s ) , 
wl^re o < a £ 1 aod the Amotion L(x) is slowly varying as 
z -* -*- o. A similar theorem for a critical Age-*dependent process 
proved by Tatatin (1976) is of o&r interest and we present the 
main results of Slack and Tatutin as I 
I«et 2(t) denote the nnaber of particles in a branching 
process at time t with E(O) « 1, and Ht) " P ^ T ^ t^ be the 
distribution fonction of the lifetime r o^ ^  single particle* 
let f(8) be tl^ generating function of the immber of desoei^ents 
of a particle at the end of its life* and F(s»t) be the 
( 67 ) 
gsoerating ftinotion of the nao^er of particles in tb« proctsB 
at t i se t . 
F(8»t) tat is f ios the integral equation 
t 
?(8,t) « C l - a ( t ) > • / ll(?(8,t-0))d0(tt) 
o 
we aeeioM ^mt 
f (1)« I , f (8)- 8+ ( l - s ) L(l-8) . . . (3 .2 .1) 
and 
a* S t da(t) < • , . . . (3 .2 .2) 
o 
Moreover, we ehall somtiaes write P instead of a* . 
hBt tg^ie) be ttse nth iteration of f (e) , consider the 
eobeded process '^ Q = ^o " *^ %n «*3*^ ^ *® ***« naaher 
of particles in the nth gei^ration of the process z ( t ) . It 
i s obvious that ^ ^^  can be regasNied as a branching process 
with discrete tiaies where f^lCs) * S ( B V*^ Q * D* ^^T an 
ordinary branching process flack (1968) gars the following 
result . 
,3.2.1. If equation (3.2.1) holds then 
(l-f„(o))" 1.(1. f ( o ) ) - - ~ -
A 
as n -• •» . . .13.2.3) 
( 68 ) 
lilg^. Bojaaic and Seaeta (1971) bav© choim ^at (3.2.3) 
implies the relation 
1-f^ (a) 
8 -1 
-^ DTh^io. ) a« a - - ...(3.2.4) 
7h«oreia 3.2.1> ^t eqaation (3.2.1) holds then 
-«(l-f_(o)) ^_ -^ 
#^(u) - E & '^  \ %a^ ^'^ -<>(a)-l-ia(Utt) 
ae n - •• for arbitrary a > o . . . (3 .2 .5) 
Few w>re results aay he stated in the form of the following 
3.2 .2 . (©oldsteln 1971) 
If h' ( l ) » 1, then 
l-f^(B)- (1-e) G*^(t) ^ 1- P(s,t) i l-fn(8)'^(l-s)(l-G*"(tj) 
. . . (3 .2 .6) 
for arMtrazy 8»t and n. 
3 .2 .3 . l-t &(t) he the dietrihation fttnction of a 
non-4iegative randoa variable* and le t 
( 69 ) 
M - / tdOCtX - , t L«(t* )(1-G(t))"* o as t - « 
o ^ 
1 < P < - , 
. . . (3 .2 .7 ) 
where the ^notion LgU) le slowly v«rylng as x ** -*- o. 
Uien as t - *• , 
a ) . t^ 'LgCt" ) &***(t) - o. n « i:(Ue)t/^ 1 , 
b) . t*X2<* Hl-6 ^ ( t ) - o, n - lJ[l-e)t/^ 1 
for arbitrary € > o. 
L^ B^f'^  3 .2 .4 . We now prove a lema whlcb plays a ftmdaasntal role 
in our stzbseqoent considerations* we assuae t ^ t 
n(l - 0 ( n ) ) 
- o as n - » . . . (3 .2 .8) l-fa(o) 
If the condHtiotts (3 .2 .1) , (3.2.2) aM (3.2,8) are satisfied 
then, 
(1 - ?(©,t))" L ( l - F ( o , t ) ) — as t - - . 
at 
ggoo^. Setting s - o in (3.2.6), we acltiply both sides of 
the first inequalitsr by t^j^(t''^). 
( 70 ) 
t L^(t"h(i-fn(o)-a**^(t)) 4 t (t )Ci-F(o,t) 
Let n " [(1-*^ ) t/^ 1. 9i«n 
p -I 
U a inf t I . i(t ) ( l-t?(o.t)) 
t -• •• * 
i U« t L,(t )(l-f-(o)- G^(t) 
^ <« • • ^ ** 
- I 
- l t « ( - ) i « ( - « - ) , 
since If ^le ftinotlone a(x) and b(x) -"t-o as x-^-^^o and 
o < k ^ ^ a(x) / to(x) i kg < • » *^« 
L^(a(x))->Lj^(b(x)) . . .e3.2 .9) 
ae X -* -*- 0. Letting 6 approach o» we obtain 
li« inf t L,(t ) (l-F(o,t)) i IV-, 
The eaae arguaent is also valid for the second inequality, 
ll^reMref 
im mv t X^Ct ) (l-P(o,t)) i M l P 
( 71 ) 
aod h«ac« 
Q(t) « l-P(o,t)-^( ^ ) a s t - - . . . (3.2.10) 
H ( t - i ) 
Conaequantly, If n « [ t/a 1 
Q(t) m p Lj^ Cii ) 
l - f - (o) * L^ ^Ct-^ ) 
as t -* » . M!res this and (3.2.9> «e deduce that 
I.j^(Q(t))-il(X- t^{o)) 
as t - « . where n - ft/^l. It follows that 
^ Q(t) a L(Q(t)) ^ Q(t) a 
( --. ) ( ^ . ) ^  I 
-^^ n<*»> i.(l-f^<o)) l-'n^«> 
as t - ••. 
Using (3.2.3)f we get 
I M 
(Q(t))* L(Q(t)) ^  « — 
On at 
aad the le«Ba is proved. 
Ih^rwi 3.2.2. If the conditioae (3.2.1),(3.2.2) and (3.2.8) 
are satisfied then 
( 72 ) 
^-o Q(t)8(t) , , ^ _^  , av"^ 
for arbi t rary tt > «• 
£2821. Obvlocaly, 
tJsiiig (3 .2 .6) , «« get 
-«or* \ ,-«iQ(!!;)) ^ -«Q(t) • - / • x 
liai JLnf i U« 
t -• « t -• •• Q(t) Q(t> 
-«Q(t) 
U a - » uCl-hi^CUa)) 
* ^ " l-f^Co) Q(t> 
fpe n « liX'»^)t/^]t alac« theor#ai (3.2,1) liolde and 
l l a ----;^—» u « ( t / -») - - ; - - r r • ( l*t) 
t - - Q(t) t - « ' ^ I^ i ( t^ ) 
Let e approacli«8 o, «« obtain 
( 73 ) 
-«Q(t) 
11a iftf i u d-m") 
* "* * Q(t) 
PreclfNily the sane eetioate i s obtained for the limit sup. 
It followft that 
l.Ke-«^<*>.t) , '^ 
Q(t) 
exists and the theoren i s proved. 
A local l i a i t theorem for the cr i t ical Age-dependent Branching 
frocee? was proved by 2>avid (1978) who studied the a8(3nq>totic 
bebavionr of the probabilitar ?(z(t) * H) for any fixed state 
H ^ I as t - «»• 
gbeorea 3.2.5. Assuae P© "*" Px ^ »^ *® consider the Age-dependent 
Branching Process with osual notations and mippose the offspring 
distribution has period l» aean I and p p^ ^ kr'*' < « foj. ^oae 
6 > 0. Suppose that G has asan M sjoA second moment ^^  , that 
i t s density function g(t) has a continuous, integrable 
derivative bounded at o, and i s o(t > and that the integral 
over Cl , ~ ) of t^. Jfel't g(t) i s f in i te , men there exists 
a eequtfice of positive constants A-^  such that l ia t^?(a(t)*k)«A,,, 
* t - •• 
K ** l y 2 y • • • • 
( 74 ) 
iSS&t' ^^^ generatlog fimctioQ s&tisfleB the following 
integral oqnation 
t 
HBtt) «8(I-a(t)i*/ h(?(«,t-ii)g(B) do ...(3.2.11) 
o 
Differentiating (3.2.11) H tiaee w.r.t . e» o 4 s < 1, justifying 
tlie differentiation under ttoe integral by a standard adiranced 
calculus remtlt» eet e •* o and devide l^ H < . iVe get 
frtiere v^(t) depends on P(z(t) « I) . . . . P(z(t) • H-l). 
t 
P(z(t) - n) « \isr(t)^ / li»(F(o,t-tt))P(8(t-u)«« E) g(tt) du 
o 
T^ author has itfioen that 
«l -1-6 
h'(F(o,t))- l-2M(t*2M) • 0(t ) . .(3.2.12) 
provided 1/5 > 6 > o. Hence, let Wjj(t) « h»(?(o,t})P(z(t)»N) 
we e«e ^ at #]| has the eaae first order aeyaptotic behaTionr 
as P(z(t) " H) and eatiefies tim integral equation of the 
fOXtt 
-I 
9(t) - ^( t )+ (l-2M(t^2M) • f ( t ) ) ( e *g(t)) . . . (3 .2 .13) 
1 A 
irtiere f ( t ) •» 0(t ) and ^ ie a hou&daiiy foreing function. 
The integral equation (3.2.13) hae been considered by the 
( 75 ) 
autbor (JMAA,1976) and result obtained t^ hlo le stated here 
whldi will be used In our proof. 
iip8|s$, Sappoee g(u) « 0(u"^) le tte probability density 
function of a dlstrlb&tlon on {p, «• 1 wltli finite aean jti, 
second Boaent, and third aoaienty and g has contlnsoos t 
Integrable derivative bounded at o. Appose ^ (t) • 0(t ) 
Is a bounded forcing ftmotlon with t I^ t^ 1 (t) 1 Integrable 
on (I, «>), tyf oontlnaott8» and of lec(U- boiuided variation. 
Snppose f Is continuous and of local bounded variation and 
le such that 
-I 
0 i r(t) ^  l-2|i(t+ ZH) -^ f(t) i I 
Let 6 denote iAm unique bounded solution to (3.2.13) then 
there exists finite A such that t 9Ct) -* A as t -* •», 
Moreover If ^ Is nonnaegatlve and the sets ^t ! r(t) > o? 
and ^t : f,^^(t) > o have non-empty Intersection A > o. 
^ t e that since g Is dlfferentlabUt F(s»t) Is dlfferentlabl*^ 
In t. Thus noting (3.2.12) nes see ttiat r(t) « h»(?(o,t)) 
satisfies the conditions of the result. Bie hypothesis on 
g In the result are weaker than those In the theorea. fiem^ 
( 76 ) 
to apply the reimlt to Wj|(t), «t nted ooly rtu>w that 
^j,(t) *» h»(?(o,t))\) j|(t) l e a forcing function f»tlf»firlng 
the conditions of the retmlt, 
Caf« N «* 1. We hare 
%(t ) - h«(?(o,t))(X-a(t))*h»(?(o,t)HWi*g)(t) . . . (3 .2 .14) 
and l e t \ ^ be the forcing function In (3.2.14). 
Since G has a finite t^In t mooentt 
/ t^In t nCt)dt 4 / t^Jn t (l-0(t))dt < - . 
1 *^  1 
Also, o 4 11» t ^ ^ , ( t ) JJ Urn t^(l-G(t))- o. As bolb 
t - « ^ t - -
h*(P(o,t)) and l-G(t) are differentlable, ^ ^ satisf ies 
the other conditions on the forcing function. Finally, 
r(t) « h»( ' (o , t ) ) > o for those t for which (I(t) > o 
and "^yji Is positive on a subset of that« naiaely 
\% : G(t) -0*^(t ) > o^ . mere fore by the result there 
exis ts A^  > o such that t W2^ (t) •* JL^^ and hence 
t^P(a(t)) - 1) - AjL as t - « . 
Case 2 : The Induction. Suppose the stateg»nt A^ holds for 
( 77 ) 
k ** 1 , 2 , . , . , n-l , where Sj^  le such that 
(1) \it) - P(a(t) - k) l8 dlfferentli^le In (t) 
(2) there e^ciete \ > o "och * ^ t t^Pj^Ct)- k^, 
ae t - •• . 
A coBpntatlon reireals that \)Q(t) can be written in the 
following tOTm» where I>(n,l) represents the ee t of set of 1 
dietinct positive Integers adding to n, and x »(x^tZ2****tX|^) 
le a typloal mtaber of I>(n»i) 
t n ^ 
^At) - / g ( t t ) ^ h^^h*(o,t-o)) i ^a_ Trftci(t-u)dtt 
^" 0 1-2 D ( n , l ) ^ J - l 3 
. . . (3 .2 ,15) 
for eone posltve oonetante a^. Thaewe have 
W (^t) - ^(t&* hUKo. t ) ) (**g)( t ) . . . (3 .2 .16) 
for ^^(t) - h«(?(o,t)) ^)a(t) we ehow that < ^ eatlsflee 
the forcing ftmctlon oondltlone in result. 
Let A be an Apper bound for tlw constants e^ In 
(3,2.15) , and U t N. be wich that P^(t) ^  t^(t*l)'* for 
all t,^  - 1»2»..., n-1. Thus 
^\ , AOC v.. '^  
( 78 ) 
D(ll,l) ^ ^ 1 ^ I>Ctt.i> ^ 
Z I«^(t-tt-^l) . . . (3 .2 .17) 
Aim tta«r« tx l s t oonBtantt M^ ,^ n j^ 2 , mch that 
h^*^(«) i ^t^^-^^ ""^ ®^ a l l o i » < I , l^«aax(h^'^^(|). 
2" k n ^^ ) 
How, Bine* l-?(o,t)-^2M ^"^*"^Ut*»««ya an* !itj,1972 17,6) 
and l~F(o,t) « P(s(t) > o) > o for a l l t , ttaire exist B > o 
such that l-i?(o,t) > B(t+l)""^ for a l l t . 
ThsrsfOrs, ws havs 
h^ ^^  (?(o.t-«i));J M^  B^'^Ct-tt+l) . . . (3 .2 ,18) 
2-1 '^ 
ffcas, 1st r^ " It^M^ B* *, and T^ ^ • Z r^^ 9 wm may applj 
la squaiitlss (3.2.17) and (3.2.18) in (3.2*19) to got 
t n -2-i t -4 
V«(t) i / «(u) I r.(t-an) dB < T^ / g(u)(t-un) do 
o i«2 • o 
liow < ^ ip shown to havs ttie dssirsd propsrtJLss, «e sss 
( 79 ) 
ao CO (1/2 )t t *^' 
^ 1 o ^/^^^ 
i T„ / t^ln t(16(t+2) n-G(- t)dt < « 
" 1 ^ 2 
and o ^ t^ <^  jj(t) ^ t^ T^ii6(t*2) -^(l-OCt/gO - o ae t - • , 
Finally, ^ i e a convotiiiltoi of dlfferentiable functloaet 
hence i t , ^^ and uo^ are dlfferentiable, applying the result 
the liquetive etate^ieat bolde. 
Wiener (1976) has ehown tbat l i a t^P i^(t) » k J « a,_>o 
t - « 
srliere a^ are conetants. following the sceual intatione nemely 
l e t &(t) be the l i f e tine diatribution 
0(0*) • o, non-lattloe , and 
G'(t> « g(t) . . . (3 .2 .19) 
the deneity exiete and for ecRse 5 > 0 , 
/ t**^ g(t) t - . . . (3 .2 .20) 
o 
At the end of the life of the individual, the individual 
dieappeare and la iiiraediately replaced by knew individuale 
( 8D ) 
with probability 
p. ^ o, with I Pt, - I ...(3.2.21) 
and critically I k p,. - I ...(3.2.22) 
k«l '^ 
Each new indlTidoal procvede identically ae the parent 
indiyidual and independently of all other individuals and the 
etate of the eysten* Aesaae that for all integers k 
^ n^p^ < « ...(3.2.23) 
npl 
It was BhOMi by Weiner (1976) that for k 2 I 
l ia t^ P j «(t) • k I - efc > 0 . . . (3 .2 .24) 
i ^ r e a^ are ooiuitante. 
1^ c^thod i s also applied to total progeny, ^e also recall 
the offspring generating function, for o ^ s ^ I t 
h(e) • ^ Pk '^ . . . (3 .2 .25) 
1^0 
and the geni^ating function for s ( t ) as # for o ^ s j^  I , 
a l l t ^ o , 
( 81 ) 
H9,t) Z E(»*^*b . . . (3 .2 .26) 
Then ^(e,t) satlefieB 
HB,t) " l -a ( t )* / h?(8,t-u) dG(a) . , . 0 . 2 . 2 7 ) 
0 
with '(e,©) » 8. 
Tb^orya 3.2.4. Let s ( t ) denote the number of IndlTiauale at 
tlae t in critical Age-dep«adent Branching I^oceae eatiefjring 
(3.2.19 - 3.2.23)> and aesuae that the derivatives of h satisfy 
o < h»»(l) < - , o < h»'(l) < - . . . (3 .2 .28) 
^len for k ^ 1 , 
lim t^ P Cz(t> - ic ] « ajj > o . . . (3 .2 ,29) 
where a^ ^ are conetante. 
iSS2l» Consider f irst the caee k * 1 and write for 
eimplioitsr 
P(t) - P |:a(t) - I ] . . . (3 .2 .30) 
1¥oai the repref«ntetion (3,2.27) derivative* of «'(8,t) 
with respect to s exist and note that 
( 82 ) 
6^(8,t)/a«/g«o " Ht) . . . (3 .2.31) 
j^roa (3.2.31) and (3.2.27) one obtains the relationi^iip 
t 
P(t)» l-G(t)-^ / h* Il-Q(t-a)P(t-tt))lG(u) . . . (1 .2 .32) 
0 
and P(o) • 1, wfaere 
Q(t) - P Cz(t) > o 1 . . . (3 .2 .33) 
from (3-2.26), 
- I 
U a t Q(t) « 2M (fe*'(l) ) . . . (3 .2 .34) 
t -• •* 
where 
M « / t d a ( t ) . . . (3 .2 .35) 
o 
Asscae for elsq^llcity In a l l the following ^ a t 
M» 1 . . . (3 .2 .36) 
Ttk9 author has proved the tiieorea hy estahllghlng the 
following claims, 
£is4B I : Let H(t) be continooue H(o) - o, and satisfy 
for t > o, that 
( 85 ) 
t 
H(t) > / h»(l-Q(t-Hi)R(t-«)da<tt) . . . ( 3 . 2 . 3 7 ) 
0 
Th«ii for a l l t > Ot 
t^(t) > o , . . . ( 3 . 2 . 3 8 ) 
groof. Aflsum th« upper InaqQalltar of (3 .2 .37) . Note 
f i r s t tliat for a l l t > o , 
R(t) ?* o . . . ( 3 . 2 . 3 9 ) 
This follows froM (3.2,37) bj assnaiag that tliere is a to suoh 
titiat H(to) "* 0 and a contradiction is clear. If the upper 
inequality in (3.2.37) is false, (3.2.38) requires that R(t) < o 
for t > o. 1!hen on an arbitrary interval Co»t~[, aseoae that 
R(t) assunes its !8ini«» at t^^ ^  t. Since o ^ h*(x) 4 1, 
setting t • t]^  in the upper inequality (3.2.37) yields a 
contradiction. Tim lover inequality of (3.2.37) implies tlie 
lower inequality of (3.2.38) conpleting thedaia. 
XI. yoT sOM o < e < I, all t ^  0, define 
lc(t) m ^  ...(3.2.40) 
( 84 ) 
Thea for a l l t «ufftct«atly large 
t 
k(t) > l-G(t)+ / h«(l-Q(t-ii)k(t-tt)dG(tt) . . . ( 3 . 2 . 4 U 
o 
Then for all t aufficiently larg© 
t 
k(t) > 1-G(t)+ / h'(l-Q(t-^i))k(t-u)dG(u) ...(3.2.42) 
o 
aad 
t 
L(t) < l-0(tH / h«(l-Q(t-u)I.(t-a)da(u) ...(3.2.43) 
o 
iJ£S^* "^ f^^^ (3.2.42) Qote that tbe HHS y ie lds the Inequelltar 
t / h'{l-Q(t-a))k(t-o)dG(o) < G ( t ) - a ( t A ) • 
o . 2 
t /2 
"«• / h«(l-Q(t-tt))k(t-u)dS(u) . . . ( 3 . 2 , 4 4 ) 
o 
A 7alor*e E^cpanelon of the R.K.S. of (3.2.44) y le lde 
t /2 
/ h»(l-Q(t-a))k(t-«>dO(a) 
o 
t /2 
« / (l-<i(t-a)h»»(l)+0(Q(t-a);k(t-u)dG(u) . . . ( 3 . 2 . 4 5 ) 
o 
A Helton binomial ezpaosion applied to the R.H.f:. 
integrand of (3.2.45) ueiag (3.2.34), (3.2.40), a result of 
Chover and I ^ (1968) and that M * 1 yields the R.H.S.of (3.^ .^45) 
( 85 ) 
equals 
t / 2 2 1 dG(tt) 
/ ( 1 + 0 ( ) -
0 t-« t-U ( t -«)2-^ 
1 t/Z d&Ctt) 2 I 
1 t / 2 (2-€)u 1 2 1 
/ ! • -HJCi )dG(a)- -i-OC ) 
^2-e o t * ^3-e ^3-€ 
X (2-C) 2 1 1 
« _ . i - -». 0 ( ) < . . . ( 3 . 2 . 4 6 ) 
^ i t * * ^ J » ^ * " ^ J t ^ * * ^ ^ B ^ * * * ^ 4» fc*H5 
For a l l t Buffloieuily large. In view of (3 .2 ,44 ) , 
(3.2.19) tfcd« eufficee for (3.2.42) and (3.2.43) follows 
s imilarly. 
2l§4ll I I I . 5tor o < e < 1, a l l t suff ic ient ly large 
I 1 
':::r ^ ^^*^ "^  T T ' " . . . ( 3 . 2 . 4 7 ) 
^2^e ^2-« 
Brppf. ?his follows froo claims I and II where H • K - p. 
Claif IV. Let R(t) s a t i s i y 
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t 
R(t) - l-O(t)* / h»(l-Q(t-«))R(t-tt)dGo(o) . . . (3 .2 .48) 
o 
with R(o) « I , wimrt Q(t) ! • Hb* probability of non-eattlQctlon 
for ^ui proo«M wltli l l f t t l o * 0(t> and l-G^(t) «E~* . . . (3 .2 .49) 
?h«ii, a s t - *»f 
R(t)^c/t^ . . . (3.2.50) 
for 0oa« conetantfl c > o. 
Pr^Qf. «rlt« (3.2.48) as 
R(t) « l-CJ(t) • s"^ / h*(l-Q(a))R(o)s**do ...(3.2.11) 
o 
Plffsrsatlatlng «lth rsspset to t. 
R'(t)- -«(t)'^ (l-O(t)^(t))* h«(l-Q(t))H(t) ...(3.2.52) 
The sxpandiog h la Taylor ssrlss* «• obtains 
R»(t)'^ (2/^) R(t) - f(t) ...(3.2.53) 
•hers f(t)" l-0(t)-«(t)"^ I h"(*) (^(t)R(t)*(Q(t)-
(2A»»(l)t) &{t) 
with I- Q(t) i • i I. In visw of (3.2.19), (3.2.20) and 
(3.2.23) it follows from Chover and Hey (1968), Thoorsm 4,p.381 
( &J) 
that 
Q(t) - (24 , ,^^(t ) )« 0 Clog t/^2 H ...(3.2.55) 
An analysie to that in claias Z - III yields that for o < e < I, 
for t e f f i c i e n t l y large 
I 
I A 2 ^ < R(t) < . . . (3 .2 .56) 
* ^ 2 ^ 
Then (3.2.19), (3.2.55), (3.2.56) aeed in (3.2.54) iraply t4»at 
t^ f(t) . . . (3 .2 .57) 
ie integrable with reetpect to Lebesgoe neasore on the poffitive 
line. ^  eolve (3.2.53) for t large, let 
Q(t) z *^  R(t) ...(3.2.58) 
then (3.2.53) beoonee 
Q«(t> « t^ f(t) ...(3.2.59) 
For fixed t^ > o , i t i s obtained tiiat 
Q(t) - Q(t_ 
*o 
) « / - ^ '^ "^ ^ ^^ ...(3.2.60) 
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or R(t) ^ c/^ ...(3.2.61) 
for t ouffioiently largo* and c > o which coapletes tbe 
claln. 
£i§ilT. Let 
t 
f(t)- l-0(t)+ / h»(l-Q(t-«))R(t-u)dG(tt) ...(3.2.62) 
o 
Then as t - «» 
t^J( Ht) -nit) I - 0 ...(3.2.63) 
|T(t)-R(t) I < I / H»(l-Q(t-o))R(t-u)(dG(u)-dQ4fu) I 
* o 
• CJ(t)-G(t/2)* G^Ct)-a^(t/2> ...(3.2.64) 
A ITa^lor's series and le«rtoa Bioomial expaiisioa on the 
R.H.S. integrand of (3.2.64) yields 
t/2 « c 
/ j l-Q(t-«)h»«(l)-»-(f(t-«)fe»*(lc(t-ii)){i ( V, ) 
o (t-u)*^ 
I 
* 0 ( ' ---) I (dG(u) -dG^di)) ...(3.2.65) 
(t-Q)2 ® 
where. 
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I - Q(t-«) < k (t-u) < I ...(3.2.66) 
and czpaasion of (3*2.65) yields 
t/2 2 I 0 I 
/ f 1 •o( )] [ ^ 0( )>G(o)-dO^(o) 
• t-tt *•* (t-o)^ (t-u)^ 
t/2^ 2 M 1 0 1 
/ [1- -(U - )*0(.)] C-y •0(| )]«a(o)-dOj,(tt) 
0 t t t tr 
" 0(t ) {9T t sufficiently large 
using tbat M " / ^<J(tt) " / U4G.(B) «» 1. 
o o 
Thifl coiq»leteii clala • • 
Proof of the ttaenren nej be completed now. Define tbe iterative 
solMme* for a > o 
SB 
t 
P(ii^l)(t)- l-O(t)* / h*(l-Q(t-a))P(n)(t-a)dO(t»)...(3.2.68) 
o 
ai^ l e t 
P(o)(t) i: R(t) . . . (3 .2 .69) 
%en froB (3.2.62) i t follows that 
Pl(t) - T(t) . . . (3 .2 .70) 
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ClaiiBB IV and V IspXy that for t lai^e 
l^^it) r^ c / ^ aad P(i)(tf) -^ c / o ...(3.2.71V 
An Inauotion argiiaent along the lines of claim V eetabliebas 
t^tf for large t, 
P^Ct) w o/^ ...(3.2.72) 
Mote that for n ^  o, 
t 
?(t)-P(a*l)t « / h«(l-Q(t-ii))P(t-u>-P(t-«i)dG(u)...(3.2.73) 
o . 
Benote 
^jj(t)s ?C*) • ^Cn) (t) ...(3.2.74) 
then froa (3.2.73)# 
t • 
j Att*i<*>l < / I An^t-e) j<KJ(u) < I A ^ I ^^^^^(t)...(3.2.75) 
where * deaotee eonvolutlone and ^^(t) ie the nth convolution 
tff G with iteelf. 
-'Ot X. denote 1.1 .d. random varlableet* with distribution 
function G(t). Set 
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n \ - / , 1^ ...(3.2.76) 
fhen, 
Vt> - P C»a ;^  €1 - ^ Csn^ i t-«3 ...(3.2.T7) 
and i f one takes n > t by (3.2.20) and ChebyecbeT*^ 
Inequality 
G^(t) < ?ar B^/{a-tf - ^/(a-t)^ . . . (3 .2 .78) 
Aleo 
t/2 
I 4 , { \ ( t ) ^ 0(t) -0(t /2)* / JF(t-o)^(t-to) |dOa(u) 
. . . (3 .2.79) 
and (3.2.20), claime III, IT and (3.2.78) yield that 
I %i* V*^ i V *^ "* '^^ "•*^ ^ ...(3.2.80) 
where k i e a constant. 
^ r fixed larie t , l e t n > j t^ '*'^  | . . . (3 .2 .81) 
Hiie euffioee for tfee proof of the theorem for 
P Zzit) " 1 '2* ^o^ k ^  2 note that 
k^P6(t)- k > k] Pj^(t)- 6 F ( 8 , t ) / ^ j ^ ^ . . . (3 .2 .82) 
( 92 > 
?h«n (3.2.82) applied to (3.2.27) for k « 2 yields 
^2^t) ''If h«»(l-Q(t-tt>)p2(t-o) dO(tt) 
o 
t 
•• / h»(l-Q(t-a)Pj,(t-o)dG(u) . . . (3.2.83) 
0 * 
Since the theoren ie true for P(t) then as (3.2.8?) i s of the 
ease fozm as (3.2.32) a eimllar analyele to that used to 
establish the reiittlt for P(t) also establishes i t for i'2^ ^^ « 
AsfRiae the reinlt true for ^)^(t), k ;£ n. implying (3.2.82) 
to (3.2.27) tor k « n*l yields 
V l ^ * ^ " Vl^*^* ^ h'(l-^(t-Hi))»Pjj^j^(t-«)dC(a)...(3.2.04) 
where the indaction bgrpotheeis yields that 
f ( t ) « 0 (t"*) . . . (3.2.85) 
In view of (3.2.85) equation (3.2.84) i s of the same for® as 
(3.2.32) and the analysis for P(t) applied to P^+l^ *^ 
yielding the theores. 
( 95 ) 
3.5 IAi41.?iaift^ ffi8g JTfy gBfeg^msil ^sz4eBeateftt,li:ansa4Bg 
Reyan (1968) has prored the folIowii% lisiit th^orene for 
subcritioal Age-dependent Branclilng Sroceee. 
Theory 3*3.l. Imt s ( t ) t t > o be an ^e-dependent Branching 
Proceee with m < I and ^ (j log j) p^ < •>• Aeetuae that the 
lifetime dietribotion & i e such that the Malthuslan paraawter 
o( rtG) existe and / te"** d&(t) < «». Then 
o 
exlatii for a l l k i I , £ b^* 1 and I k b^ < ••. 
j^2SX. Sbte that <|j(e,t) - i: e^ P(^z( t ) - ^ ^ ( t ) * ©i 
l-F(»,t) 
By llheorea (2.9.4)» 
e-«*(l-?(«,t)) Q(e) 
l - ^ ( » , t ) 
e - * ( l .F(o.t)) '^'^ 
Hace (^(8,t) -(|:(8) 2 I - Q(e)/ Q(o). Clearly (Ho) is a pomHr 
( 94 ) 
8orle9 with !ioa*a«gatl7e coefficients. ?tirth«ftEor«« 
lia « u / •"« Cl- S(t) 3 dt 
Thorefor«, U« Q(B) • o an& b«nc« Ua (^(e) « l« 
** k 
IXfln« b^ by (pie) z ^^^ » • ^ coaplete th« |>roof, w« show 
(|;«(1-) < - . But (^'(B) « - Q*C8)/Q(,>) 
we also observe tiiat 
Q ' ( l - ) « < •» 
Thus, 
, l -« ^a 
g^l «( -a) Q(o) 
Tfaflor«a 3 .3 .2 . If a(t) i s aa age-depeadeat process with a < I 
and & i s ^ • then 
l l a P izit) - 1/ aCt) > o} « I . 
t - -
Proof. By tbeorea (2.10.5) of cbapt©r-II with <5 "• 1 , f (q) • o, 
ae bane lia P ^(t) « k/ a(t) > oS s^ • s . 
( 9$ ) 
gjQjjgrk. In the oetting of thdorea (3 .3 . l ) t »« have 
vhile i f 
-I 
3.4 Littit 1!hi^ ri|aii»i f^y ^Pftrc^itiei^ At^^^ft^n^^f Hf^P/t^Um 
Wo discuss liere soiw inq^ortant results about the taean 
.at 
ooixvergeace of a(t>/ aj^ o in ^ e super-critical case, S< 
extensions of these results due to Atberya (1969) and Cohn (1962) 
are also disoussed* 
l^en m > I , the asymptotic behaviour of second irooeats 
enables us to prove t^e convergence in oean square of z( t )A8(t) 
or equivalently of a ( t ) / ax«"*. Before proving the theoreas 
we state the following Lewia without proof, 
ksam 3 .4 .1 . Let W(t} » s ( t ) / n e^^ where 9 i s a non-oegative 
random variable and i f a > I , h'*(l) < - t and i f G i s not a 
latt ice distribution then Urn B f «*.• - W**]^  « o , 
Omfonaiy Jln ^ , '^^ o • . . . (3 .4 .1 ) 
( % ) 
Th o^r^ m 3 . 4 . 1 . If ni > 1, h '» ( l ) < * , ahd G l e not a la t t i ce 
distr ibution then W^  converges in mean eqaare to a random 
variable W as t - « and SW » 1 ' 
oo 
1B+ h ' » ( l ) / e"2at ^(,(^^ ^^ 
o 
1- m / * e-2a* dG(t) 
o 
The variance of W i s pos i t ive . 
Proof. The mesm convergence of W^  follows from the Leoraa (3 .4 ,1 ) , 
The values of the mean and the variance are the consequences of 
the asymptotic forms for Bz(t) ai^ B[z(t ) z(t+"c ^j, where 
h"( l )n? / * t"^"** dG(u) 
E | z ( t ) z ( t * T ) | -£ e«^-^2at 0+oCDl 
l-ffl r e-^ **" dG(tt) 
o 
t - - » , . . . ( 3 . 4 . 3 ) 
where lim 0(1) » o uniformly in t > 
t - « 
since* 
E W » lim E C 1 
t - - n,e«* 
2^(t) 
E r = lim E(W^ )^*^  « lim E £ 1 
t - « * t-«» ^2 ^ 2at 
n^ e 
( 97 ) 
In ordor to sec that varlanc« W > o* «e obeerve oiiag 
th« Schwazis Ii^uallty^, that 
(a* h " ( l ) ) / ' • •^«* d&(t)- £ r V /" •'^*'* as(*> 
0 ^ O 
O Bl 
Xt^ i^ Oftl 3.4.2. SappOM B > l» h**(l) < **f aod G is not a 
lattice distrltHitloa. Sappost la addition t^t 
/ B(W^- W)^ dt < «• . ...(3.4.5) 
•Then Z(t)A . a t convergefi with probabllltgr I to tha raadoa 
variable f aa t - «»r 
,gCSS£« *« nr»t give the proof for the case p^ * o , 
considering only family histories t0 much that iit^ is a 
f inite non-deoreaslog step fhnotlon of t . %l8 exolades only 
a set of faally histories i^ose total probability i s 0. 
Trm (3.4.5) It folloss that the integral / (w^-t)^ dt 
i s finite with probability onm, Slnoe a i s non-decreasing in 
t» we have 
( 98 ) 
ar « — ^•'^^Wtt r^ o . . . (3 .4 .6 ) 
- . a t <0L7i * 
How potting W^  • sr^ (<») and W « «?(w) for ezpUcitn^es. SuppoM 
tliat there i e a « eoch that tho stataoent l i s W. (») > w(4»). 
t - • * 
?hen there i s a 6 > o and a seqttenca tj^ < tg ••• audi that 
*i*l - *i > ^/a(l*6) "^*^  ^^^ "^^ * *t *^^  ^ ^M( l*6)» i* l f2 , . . . , 6 
and the t^ nay depend on »• 
0»ing (5.4.5) and the relation e***^^ I - OT , we have 
for the saoe S»t 
W. > (1 - a r) (1+6) W, T^ o. 
and hence patting t « t^^ ^  in the second integral in tbe 
following equation 
*i *i 
dt 
...(3.4.7) 
2 Va(X*6) 2 ^^^ 
> rw(*)J / g -c ( l+6)r- | d^» 
** 3a(l+&) 
M 2 
But from (3.4.7) we aee ttiat / D<.(«i^- »(#)! dt i s infinite. 
0 * 
Hence the inequality lis mip f^(^) > W([#) cani&ot held for a 
( 99 ) 
8©t Of w*8 Of positive probability. 
?ibvv euppoee lim iaf W.(«5) < '^(w>) for some » with 
t - » « • ^ 
il(w) > o. ?h«n there i s a sequence tj^ < to < , . . , t<^i-t , > l / a , 
and a nuaber 6, o < 6 < 1, such that 'M^^ < (1-6)w. Pron (3.4.6), 
^ ^ a (l-6)w X 
% - T ^ ( i - ^ W e i • 0 <^ C < . . . ( 3 . 4 . 8 ) 
* 1- a a 
ti P 
It follows from (3.4.8) that / (®- ^^r dt is bounded 
ti.64 * 
below by a positive ncoiber independent of i* and hence 
f (W-1^) dt « *». Hence Urn inf f^(*)) ^ «(«»/) with probability 
I , Hence p« » o, we aaet have P^l im i^. « «! •* 1. If p^> o, 
then @fe Uf^ e the decoiaposition 
z(t) » z( t ) - z^(t) 
where z( t ) and ^^(t) a re , respectively, the to ta l number of 
objects bom at or before t (counting the wl^tial ob^c t ) 
and the to ta l number dyins at or before t . The generating 
function of s ( t ) sat ief iee an Integral equation similar 
to (2 .2 ,1) . ^ can then show that z ( t ) / ni e converges 
in mean square to a rat^om variable T" , and since z i s 
( 100 ) 
'nonoton* w« can argue as above to shos? that there la a convergence 
with probability 1 to a random variable W . Hence z(t)/ ne 
converges to W with probability 1. 
Tbeprem 3.4.3. Aeeuae ttiat m > I, 
(I) If p.^ log 3 . ^  ^^^^ ^(^) „ z(t)/c«e°* - o 
in probabllityt 
(II) If l.^ ^ ° ^ 3 < » , thene i^ converges in dietMbotion 
to a nonnaegative rand(^ variable i having the 
following properties t 
a) m » I , 
b) ^(u) « E e"**^  , u ^ o , ie the unique solution of 
the equation 
^(u) « / * h ZH o e"*^) J dO(y) 
o 
in the class 
» -«t *» -, 
c - S ^ : ^(u) « / e d?Ct), '(o-*-) < 1 , / tfi^ (t>«= l ] 
O 0 
c) ?(^ « o) « q ; P ^2(t) *» o for some t j 
di ?he dis tr ibut ion of i i s absolutely continuous on (o,«*). 
( 101 ) 
?£22^. cje laake tee uet of following few Leniaias stataibelow : 
iJBS2§ 3 . 4 . 2 . Wiare i e a t Bioet so lu t ion of (3 .4 .9) in C, 
kW^m 3 . 4 . 3 . If ^^  P^ 5 log ;} < «» , then 
Ilia sup i i i (u , t ) I « o . . . ( 3 . 4 . 1 0 ) 
U4.Q t ^ O 
-^graa 3 . 4 . 4 . If ^ Pj 3 log J < *», then 
( i ; li® k(uj 
U>).0 
and 
-ax\ ( i i ) k(u) < Sk(u e " ^ ) 
v&mre sr i s a randCM var iab le with d tp t r ibu t ion G^. I tert t ing 
the inequal i ty (ii> i n hermm. ( 3 . 4 . 4 ) , we c»e tha t for a l l n > 1, 
k(u) i Sk(u e'^^n ) . . . ( 3 . 4 . 1 1 ) 
wher«? Sj^  i s a mm of n independent random var iab lee with 
d i p t r t b u t i o n G^. But the r i gh t of (3.4.11) goee to (ko+; as 
n - oo ajr^ k(o*; *= o . lience, 
k(u) * o, u > o , . . . ( 3 . 4 . 1 2 ) 
and tliufi 
lira S e « '^(u), u 2: 0 , . . . ( 3 . 4 . 1 3 ) 
t •• •-** 
( 102 ) 
i^et^iog S b« a random var iab le with ^aplace transforiB t t 
thiis prove? t l ^ convergence aaeer t ion i a par t ( i i ) of the 
theorem. .Imt Ei^  » 1 follows from the fact ^ i s in : . 
i n a l l ^ P -^ » «= o ajq follows a t once on, l e t t i n g u - «» i a 
( 3 . 4 . 9 i , by noting tha t i* 4,'ft «= o^ < 1 *T>U8t be a root of 
t « h ( t ) , (That P 5^*i « o} ?^  1 followe frwa tise fact tbat £*» * l . 
M B GO!0|)lete!? the proof of par t ( i i ) except for tlr« 
exigrtefiCe and abfola te continuity p a r t s . 
Turning to pa r t (1) we e s p l i t the eTibeded Salton-Wateon 
Procepe 5 „t « •" o , l , 2 , . , . and vm know tha t when ( n 
^ P4 3 log j •= *». l imi t -^ ^i¥) «•* « o a . s . 
l e t C - ^ , ' ^ f P) generate(? by our baeic p rob t^ i l i t y space. *.et 
j^ rjc the pub <r -algebra ot IP generated by ^^{eif}, ^ j ^ (» ) . . . 
-T jj(W/ ^^t 'n j^t >]2 s-f^  S ^ three a rb i t r a ry 
numbers in (o , l> . Since lim ^ _(w) s «* o a . r . there 
n 
exi!«tB by Bgoroff P tbeorea, a net A in ^  , and an integer 
n puch that i-Ui > 1 - ^  j^ , and puch that ^^,.^i^i os"" <'^ ^ 
for all » in A and a ^ :«, Ilien 
( 103 ) 
. . . ( 3 . 4 . U ) 
but p(»:s(t,*>)> €|i(t/,<(i^" A < ?(<«>: ^ Tt(t,<*> 
Y. (t,w) « i- 6,, ^ ( t , «: j . 
Oia t 
—1 —1 S 
B, ( t ) ^ 2 e~^(iti(ti) E( - Yi,( t .w < 2(e|4(t)) ( ^ m^) 
^ k<.1 ^ k«o 
since U t ) - •» as t -• «» and f and !I are lixed we eee 
tha t l l n B , ( t ) - o . 
t - «" 
f^ow, l e t I) « Sl«? : ^ Y. (t,«^) > Ch iiit) . men 
I k > H *^  
elnce A i s In jij , BgCt. < K C^CA^*'^ "^ O^C 13^*^^ ^f^ ^ 
where ' v* and V p are reppect ively the ind ica tor 
- I 
li^Ct^ 1 2(e M(t/) ^("Y A '^*'^  \ "^ij.^'^^ pk^*'^ 
wheret 
( 104 ) 
< 2 (e Hit)) n^ r,i i^ m^ p a t ) ) 
^/ *^  k>H ^ 
- I I, 
< 2 e ^ 2 (sA'ice i- m*^  Pj.(t) < iiitn 
leading to tbe eetimato 
U o sup P^«i^ :25(t,wi > £ M(t)) S 7)1*^^"^ 2' 
The proof t e complete siooe ^n |^  and on g ' ^^ a r b i t r a r y . 
Cohn (1982) proved ttefc for any f i n i t e offspring mean, 
s u p e r c r i t i c a l Age-dependent Branching Proceeeee ^ z ( t ) ^ there 
exiptp Boaie norminj constante l^C2(t)) such tha t 2{t//^,/^\ 
converges altaost ss re ly to a non-degenerate random v a r i ^ l e w, 
C(t) has been defined to be the M-Quantilefi of t^z(t)^ . 
'^chuh (1982) has given an a l t e r n a t i v e proof of t h i s r e s u l t , 
flowever, both the proofs are long and complicated and Cohn(1983) 
has provided a simpler proof, 
We stippose tha t G i s n o n - l a t t i c e , G(o) « o, z(o}« I , 
pk 9^  1 for all k and I < m < «» , where m « ^ k p,^ . -.et 
k«o '^ 
s(t) be the vector procesp of the ages of the particles alive 
( 105 ) 
at ti!!ie i . e . a ( t ) =* (xj^Ct),. . . , x 2(t i^ . ^t T be th© 
<r-algebra generated by 25(t) and 'F the <f -algebra generated 
by \^(fl}, s < t 3 . ©^ ©rite q for extinction probability of 
z ( t) i . e . q * P( l i o 2(t) « 0 ) . Consider further h(e/« i- B% 
t - ~ BFo 
and le t y* (t) be the excess l i fe of the i t h part icle aged 
x , ( t i a t tiiae t . C(t) are defined ae eonetante satiefying the 
inequalitiee* 
P(3(t^ < C(t/ < M < Hzit) < C(tj-^ I . . . (3 .4.15) 
i . e . c ( t ) Ip the M-<3uantile of z ( t ) . I t i s clear that if 
\ z ( t ) ^ , suitably norated, i s to converge alo^st surely to a non-
degenerate t proper random variable then such a convergence will 
hold for ^ 2 ( t ) / c(t)7 . We shall siake the use of few leamae 
stated below in our r e s u l t s . 
L q^iqia 3 .4 .5 . i'roa au^ subsequence of \ z ( t > / c ( t ) ^ say 
\ z ( t n ) / c( tn)^ , with l i a i t tn « «», on© can extract a further 
n - . 00 
subsequence, \z(t*n) / c(t*n)^ , converging in distr ibution to a 
proper non-degenerate distr ibution function P with F(o> = q,^, 
the Laplace transform of / , sa t i s f ies the ftinctional equation. 
^(t) « / f(^ Cte"*^)) dGCx) . . . (3 .4.16) 
o 
( 106 ) 
3.4.6. " In continuous on (o, « ) . 
L^!!^iaa 3.4.7. ?or acy continuity point x , of ? » 
lia P(z(t')/ cCt') ;^  X I *) 
{J •• CO ** " 
almoBt surely where ^ £(t) • 0"*^ ^^ *^  for i » l,2t...tz(t). 
*1 ••• *z^*^ ^"*® conditionally independent given ^^, ani 
identically distributed function ?^, wbere 
l\(x) « i: P*^^^(x) pk , ?*^°^ » 1, and /^^^for k> 1, 
'" k=o 
i s tile kth convolution of ?. 
Lgipsfi 3 .4 .8 . Let W be a random variable who«?e Laplace 
transform ^ satif^fiee the funotlftonal equation (3.4.13)»then 
X 
/ ?( V > u) du — i i ( lA.) 
o 
where 
xi(y) « ( 1 - |>(y) / y i s slowly vaxying at y « o . i . e . 
liiB L(X^) / i-(x) « 1 for any X > o, 
X - o ^ 
^^orei? 3.4.4, \zit) / c(t)} converges almost surely to a randoa 
( 107 ) 
variable f with P(w « o) •« q. 
Proof. By Lemm (3.4.8) and a reeialt due to Feller (197l,p.236) 
F is relatively stable i.e. there exists SOB» constants a^ ^ 
such that 
P 
•n/a- "*~* I as n >^ » ...(3.4.17) 
where s^ ^ ** x-^* Xg*.,.* x ^ , Sj^ib ^ « ^ ^ » sequence of iid 
random variables distributed according to P. ^Yite ^n^^l^a^'^'^yn* 
where ^y^^ is a sequence of iid random variables distributed 
according to f-^» It is shown that 
8^/ a^ >^ « as n > «• ...(3.4.18) 
In view of the definition of Pj^ , y^ is distributed like ^ v i * 
where ^Vi^ la » sequence of lid randiM variables, independent 
of \x^<, and distributed according to the offspring distribution 
^Pt5>. Further, by the law of large nuidaers lia ( Vi+...+ v„^ /w"ffl 
a.B. which yields 
»n " «nra "^  ^  '^^^ ...(3.4.19) 
where 5^^(n)^ are random variables such that 
S(a) /^  — > o as n >^ *" . 
( 108 ) 
ThiB in viev/ of (3.4.1|) is easily aeen to imply (3.4.1%), 
i^'e Bhow that if b^ ^ are some numberp for which there 
exists a constant M, o < M < M with Ib^ l^ < M for all n, 
and if lim (b,+,..+ b )/ = b , then 
fi "* 9o n o . 
p 
t ^ / a^ j ^ *" ^ ^ * . . . ( 3 . 4 , 2 0 ) 
where T - b^y^^ •••...'•• ^ , /n« Consider the r a t i o ^j/»^ » which 
in case when 8n * ^n " ** ^^ taken to be 1. lo prove (3.4,X9>), 
i t i s suf f ic ien t to show tha t '^^/^ B*^ converges in probabil i ty 
to 1 as n - «», Indeed, 
b-."^ bp-*-,..-*- b_ 
s(V«'„) = - ^ 
and l imi t K ('^^/s^) «= b . I t remains to show that 
n -» OB 
lira B ( T y b e;; - 1 )^ « 0 . 
n -• ** 
Write 
6^ = B( Yi/ef^)^ and ^^ « K(yjLy2/ s^^ ) . 
Then, 
1 n 
•" . . . ( 3 . 4 . 2 1 ) 
( 109 ) 
However, 
?hl8 laplies* 
'y „ < l/n(x-l) and j ^ n ^ (t)^ -*) (b^-b) 
n 
< ( I (b.-b))^ ^  o as n - « ...(3.4.22) 
n(n-l) i«l ^ 
Thup vve need only to prove tha t 
n 2 
l i s 6_ L 1 ( b--b }) « 0 
n - oo n 1=1 1 
sfbich folloiae from llm a 6 » o . To prove th ip we choose a 
n - «« 
partleuUiT sequence b^^ X^^  with ^ i "* o oi* 2 accordingly au i 
ip odd or even, "ben '^^/si csonvergep in p robabi l i ty to 1 as 
n - «». ??ince i r ^ / s ^ ^ i s uniformly bounded I t follows tha t 
E C ^ ^ S ^ - I ) ^ - O as n - » and by (3.4.21) and (3.4.22) we get 
Urn a & « o and (3.4.19) i s proved, 
n - «» ° 
#'e consider . How tvw seijuences of non-negative numberP 
HJy and S s ^ with Urn t « lim s « «». 3y ijeaima (3.4.5) 
there e x i s t s a subsequence of tp^ t B£^ y s^ such that 
" ^ ( t ^ ) / c(t^)^converges in d i s t r i b u t i o n to .1. Pe ' lne Hj^  in terms 
( 110 ) 
of B lA l^e sene iMur \ «&« defined in tense of F in Leimaa 
(3.4.3) . Since (3.4.18) lu>lds for H^^ ste well, on account athat 
H^  i e relatively stable t «e may aeeiiiie i f neceeeaxy coneidering 
a further eubeequence, that ^ • * IcCe'j^)/ e"* *^ i convergee 
in probability to a conetant say \) . The eaoBande of e " |c(s*|j.) { 
are aeeuoed to be i id dietribated according B^  and (xj standa 
for the integral part of x. 
By Leonia (3.4.7) and the total probability fonaila 
ae*k 
¥(.!*&) - l i a / P (T , ( s i ) / e < 1*6/'T BI) dP 
« liai i S * f * I ) . . . (3 .4 .23) 
'^^^^ \in)' ^ l ( n ) » l * — * ? a ( a ) \ ( u ) 3 
\ - 5a(«i>/«(»i) £ (~>/n /" )(1'^6)- e ) ^ 
S " \^\ /«U'^*^>-« < «(«i)/C(»|c)l (V^ /m)(l+&)* e^ 
Combining a result of Athexya and Kapleui (1976) with a result 
about the agee and Norman (1981) , «e get 
( 111 ) 
H ^ \it) I a(t)-«j^/m| > e j^jg) - o as.8 as 
...(3.2.24.) 
t *-* <» wbere m is the offeprlog m&B^n and ii|^  a certaia constant 
defined In Atherya and Kaplan (1976). 
Supposet now that fr tl fiu^d ^ '^1^ ®^® *®® mutually independent 
sequences of independent random variables and h ^  the <f-algebra 
generated by "^ !»•••» Z^ n* •^ ®'* ^ * ^^ easy to see that for any 
Borelian set A^, 
H rj lo^i""'* rrjfn e v^n^- c^ ^ i-T^i-.-.^-^n^^ V 
n^^  5 l-«* W 
where P is probability iwasure that " treats" 7 ^ T . . ' 7 ' - as 
y 4. ^ n 
constantp and o^j^, 7^2»»«-» >7n®® independent random variablesf 
f^  being a measurable function. Since 
n ^ l o ^ ^'^l ' ; ? l ^ - - " ' T ; n ^ n ^ V ^ ^l « o or 1 
a . s en ta i l s 
lira P ( ^ ^ry. i-^.-.^-r- Q >n^ S A^) « o or I 
reppectively, a property of trie type of (3,4.20) s t i l l holds 
( 112 ) 
if b| are replaced by eoae bounded Independent random 
variables Sr^^ provided that lla (bj^ -^ ...-*- b^ /^n * b is 
Q ^ *** 
replaced by Urn i 5 i'^ -«-"*'^ n>/» " ^ ^.e. Also (3.4.20) 
n - *» 
holds for n replaced by TL. with llai n^ « «». If it ie 
*^  k - «» 
required that Urn (b,"»^...+ ^nic)/nir * ^ instead of 
lim (bn^-...-*^ ^n^/° " ^* *^ '*®® consideration8 with leiaraa (3.4.7) 
n - «» 
and equation (3.4.24) lead to 
ao^ , s(B'k) 
liffl j P(T^(e'v> ^ S, I ft: -»k ^- •^^'a/ai ^ 
^' oe'k 
Wj^/e < x/Fgijc >* o »•»• . . . (3 .4 .25) 
for ariy x > o. 
I t i s n;0« eaey to see that (3.4.25) implies 
<fli*k 
lim I P ( T^(8»k)/ e < 1+6/ , ) L - L l=o. a .8 . 
k - * « ^ S K C j ^ i J j j 
. . . (3 .4 .26) 
where I^ i s the indicator of the set B^ ^ and 
XL 
T~ as'k 
l i s P i\i6*yi) / • < U 5 / g.j^) Q « o . . . (3 .4 .27) 
H is by Lewm& (3.4.6) continuous and therefore 
( 113 ) 
as'k 
l ia UM 8up / P(2(8*k)A < l * V f r . . J . P ^ 
€ - o k - « » Cj^ ' 8 K 8 
. . . (3 .4 .28) 
(3.4.26), (3.4.27) a»«l In (3.4.23) n « l 4 
Since, we can take 5 « • ^ witb'^> o, aoil according to the 
construction given in Cohn (1982), ?(1-^) < '(1) < f( l*-^) , 
we get by Lemaa (3.4.6) that / ( l ) " K( V^ /n ) . But according 
to (3.4.14) and continuity of H and F ?(1) - H(l). It foUowe 
that"^' « n/nj^  and ? ; H . ThttsS^z(t)/ c(t)} converges in 
distribution to a proper non<^egenerate limit. 
"urther, the convergence in distribution of a(t)/ c(t) , 
(3.4.2e), (3.4.27) and (3.4.28) yiold 
yix) « lia U« SP (z(t)/c(t) i x] ^(a(e)/c(s)< xl 
for any X > o. This easily iiqplies that the sequence 
l^zit)/ c(t) < x ^ i s Cauot^ in Probability. "Sierefore, there 
•ust exist a set A(x) such that 
j ^ a(t) / o(t) i x} - — > I A(x) as t - • . 
( l U ) 
tJping Leanae (3,4.7) and •quat ion (3.4.25)t we get 
. " V 
lira P(A(ll)/'p^,jj> " I t a P(»/nj^(VV3^+...+ \^J,^Si)/ 
e ° ^ * " < x / ^ ^ ) a.8 ...(3.4.29) 
Tartlier It ie e a ^ to see that 
P(a/n^(W3^+...-^ igCtn)) /e i x / ^ n) 
atn 
« P(Bi/n^(»j^*...-^Wg(tn)/e 1 x / /?(|.tB)) ...(3.4.30) 
wbere // ^^^  is ths ^r-flsld generated by 2(tn). Since by the 
martingale convenience theorea liia P(A(x^ jzeTi^^)" 1 A(x)a.8 
we conclude tbat 
Urn P(A(x)/^/tn )« I A(n) a.s ...(3.4.31) 
n "• « 
Define A(tj^)- y : P(A(x) j z( t^) /C(t j j )« y) >7 for a cer ta in 
/wi th 0 < / < 1. Then by (3 .4 .31) , 
lim j a ( tn ) € A ( tn) » j A(x) a . s 
n -• «" 
£b«;ever, 
^ — _ otn 
i'( | \ * . . . " ^ # i c ( t n ) J / e -si/njLl> S/y^^^^) - o a . s as n 
( 115 ) 
for Bay e > 0, 80 that for n largo enough A(tn) (- •», x € •) 
and A(tn) (x • € , • • ) « 0, t> being the empty oet and e 1 o 
arbitrarily. Taking Into accoont that ? is contlnooue, •• 
get 
11a I z(tn) I o(tn) i X - | A(x) a.e ...(3.4.32) 
n - «* 
and a.e convergence for s(tn) { o(tn) i s proved. 
3.5 AgyBPm^g fr9PffrUfiB .^rl-ff^.^Sr48Pftftflgftl Jiir§^lrf,o«.?r9gtjig 
In the preff«nt concluding eectlon, we describe some reeultn 
pl^talnlng to aayoittotlc propertler of an ige-dependent Branching 
Process. 
When h^^^(l) « 1, and h^ ^^ CD > o, b^'^U) < •«> . aM 
(r(t) i s an exponential distribution with parameter X, i t was shoes 
by Sevastficranov that Urn tP(2(t)> o | - 2 jX h^^\l) ] atad ttat 
t •• •» 
for u 2 o, 
11a P f20±i^^Hl)t\)''z(t) > u |z(t) > o > Sxp(-u) . . . (3 .5 .1) 
Weltser (1965) extended the result to general G(t) and gave a condi-
tional Hal t ttieorem which generalizes (3.5.1) . 
( 116 ) 
JhgaSfil 3 . 5 . 1 . Let h^^^(l)« 1, h^^^d) > o, h^^^(l) < - , 
n « 2,3f4.f . . .» and / ud G(u) » fflg, wJiere o < !!JQ < « . 
0 
^hen lira t'^'^'^^M^Ct) « n, b~^ ""*^ ^ for n » 1 , 2 , 3 , . . . , and 
t -• «» . • 
b « 2 m^/ h^^^Cl:). 
£EgaI. ^(o) « o Insures that mCt) < •• and 2(t) < * , Let 
R(8,t) » E l^xp (-B2(t) ) ] 
Using the integral equation ( 2 . 2 . 1 ) , ^e obtain 
t 
H<8,t) « exp (-e) Ll-G(t)3* / h(R(s,tHi))dG(u) 
o 
Define D(8,t) « 1 - H ( e , t ) , Then 
B(8,t) « 6.-e2cp ( -8 ) ] [ l - G ( t ) > / C ( e , t - t i ) d G ( u ) 
o 
- I (-1)^ h^3^(i)U )" /i>(8,t-u:o^do(u) 
d«2 0 
By taking Laplace trandfona with respect to t in the above 
equation, solving for the Laplace trans foxtn of D and re inverting, 
i t i s found that 
*** 3 / \ ""1 t 1 
D(8 , t )« [ l - exp( -e )3 - I (-1) h^^^dXj ) / g) (8 , t -u) l dk(u). 
j*2 0 
. . .C3.5 .2) 
G^^^Cu). and a^ ^^ denotes the kth con^  idMre k(u) « Z ° (u), G^  convolution 
of G. 
( 1X7 ) 
Then, where derivative* are taken with reepect to s, 
!n(t)= D^^ho,t)« I, and in general 3^(t)« (-1) T^^^ho,t), 
1^2,3,... f w« obtain that l^(t)« l+h^^^(l) k(t), and 
limit t"^ % ( t ) - h^^^(l)/-fi. Again from (3.5.2) 
t -• •• 
M^Ct)- l-»'h^ ''^ (l)k(t)-^ 3h^ ^^ (l) / a,(t-a)dk(a) ...(3.5.3) 
I<et H(8) denote tko Laplace transform of function l ( t ) . ?b«n 
by a etsmdard Abelian theorem (Wideer (1946i) 
lira s i 0 S^ M2(8)k(0)" h ^ ^ ' ( l ) / A , and by a Uauberian 
theorem (*) applied to (5.5.3)» by virtue of the learaa (1), 
Urn t*^ M^it)'* 3h^^hl)V 2s?^ • 6b" .^ 
?he resu l t of the th«or«D holds for iB(t), ^ ( t ) , and M^(t) and 
the terms contributing to the forsMilae of these moments are 
obtain«d 0ol«ljr from fSie der iva t tw of Tr term in the integrand 
on R.H.s, of (3.5.2) , Aeeuiae by induction that the resul t holdt 
for Mjj(t). ?hen by the induction l^ypotheeis and standard Abelian 
and T^berian theorems alongwith the leisaa applied to the 
limiting benaviour for e ^ o, of the Laplace transform of the 
convolutions of l ^ ( t ) , Mj(t), and k( t ) for j , k ^ n, the 
( 118 ) 
asyaptotio Toraul* for HQ^X^^^ ^* obtained sololy from th« 
2 
dorivatiiro of th« D*" torn. 
lience taking derivativsiK w.r.t . e nt obtain Lelbnit8*0 
rult for 8Ucoo88iv» differentiation tliat 
« n*l n-^ l at l (k) (n*l-k) 
(D*^(o,t)) " i: ( r. ) D (o,t)D (o,t) 
k-o * 
n n-^ l f.K (ntl«-4c) 
- i: ( J, ) D^*^^o,t) D Co,t) . . . ( 3 . 5 . 0 
k«l "^  
since DCo,t) " Of uning the induction l^potheelB by the 
Abellan theorem iq)plied to the Laplace traneform of (3.5.4) 
the H.H.5. becomes, in absolute Talue 
-(n-l) n n*X -(k-1) -(n-k) 
8 f(n) I ( V ) ^  k \ b (n-k+l) 1 for s i o 
k"l * 
Then from (3.5.2) 
n (o's - I n ntl -Cn-l) 
lis B^ \^iit)' h^^^il) {2ja^) Tn ^( )k (n-k^D^b 
B i- 0 kFl k 
- (n*l) b n rrn). ...(3.5.5) 
so that applying the muberian theorem to (3.5.5) by virtue 
of the Lemna (3.5.1) yields 
( U9 ) 
Henoo tb0 proof, 
latfflMB (3.5.2) . L«t h^^^D- I, h^^)^) > ^^^ ^ ^ h^*hl) < - • 
n « 2 , 3 t 4 , . . , . If l-G(t) «• oCt"^) for t - % then 
l l a P Cbt"^z(t) > u I S(t) > o 3 " Esp C-tt) . 
t •* «*» 
25Sifti. By ISitortra (3.5.1) 
l l a b"^ t Jfc Tb t"^ 2(t) ] - n . 
t "• «* 
By Carleni&n*e thsorem on moment sequencest are the moments 
of a unique distribution clearly the exponential distribution 
with parameter 1. Choker and Ney (1965) have shown that for 
l-<}(t) - 0 ( t"^), t - - , and h^'^(l) < « , that 
lla tPi:z(t)> o j - b. Since E6t"^2(t))'^| Z(t)> o J...(3.5.( 
K L^t'"^2(t))"|/ ?|Z(t) > O'J 
( 120 ) 
1 B 
i t follows that l i a B | bt *" Z(t)) /Z(t) > oj • n for 
n " I , 2 , . . . . , 80 that oonT«rg«noe In distribution holds. 
Hsncs froa (5.5«6), for u 2 © t 
l i « P ^ bt"^ Z{%) > u j zCt) > 0 I • Bxp (-tt). 
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